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Abstract. In thisarticlewediscussthe2D-3Dposeestimationproblemof 3D free-formcontours.In ourscenario
we observe objectsof any 3D shapein an imageof a calibratedcamera.Poseestimationmeansto estimatethe
relativepositionandorientation(containingarotationR andtranslationT ) of the3D objectto thereferencecamera
system.The fusion of modelingfree-formcontourswithin the poseestimationproblemis achieved by usingthe
conformalgeometricalgebra.The conformalgeometricalgebrais a geometricalgebrawhich modelsentitiesas
stereographicallyprojectedentitiesin a homogeneousmodel.This leadsto a linear descriptionof kinematicson
theonehandandprojectivegeometryon theotherhand.To modelfree-formcontoursin theconformalframework
we usetwiststo modelcycloidal curvesastwist-dependingfunctionsandinterpretn-timesnestedtwist generated
curvesasfunctionsgeneratedby 3D Fourierdescriptors.This means,we usethetwist conceptto applya spectral
domainrepresentationof 3D contourswithin theposeestimationproblem.Wewill show thattwist representations
of objectscanbe numericallyefÞcientandeasilybe appliedto the poseestimationproblem.The poseproblem
itself is formalizedasimplicit problemandwe gainconstraintequations,which have to be fulÞlled with respect
to theunknown rigid bodymotion.Severalexperimentsvisualizetherobustnessandreal-timeperformanceof our
algorithms.
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1. Intr oduction

Thiscontributionconcernsthe2D-3Dposeestimation
problemof 3D free-formcontours.Poseestimationit-
self is oneof theoldestcomputervisionproblemsand
algebraicsolutionswith differentcameramodelshave
beenproposedfor several variationsof this problem.
Pioneeringworkwasdonein the80Õsand90ÕsbyLowe

(1980,1987)andGrimson(1990)andothers.In their
workpointcorrespondencesareused.Moreabstracten-
titiescanbefoundin Klingspohretal. (1997),Zerroug
andNevatia(1996),Kriegmanetal.(1992)andBregler
andMalik (1998).Discussedentitiesarecircles,cylin-
ders,kinematicchainsor othermulti-part curved ob-
jects.Worksconcerningfree-formcurvescanbefound
in Drummondand Cipolla (2000) and Stark (1996).
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In theirwork contourpointsets,afÞnesnakesor active
contoursareusedfor visualservoing.Theinvestigation
of higherordercurvesin computervisionproblemshas
beenincreasingsteadilyduring the recentyears.See
e.g.,Kaminskietal. (2001)in thecontext of 3D curve
reconstructionfrom multipleviews.

An overview of free-formobjectrepresentationsis
givenin CampbellandFlynn(2001).In thiswork sev-
eralmathematicalformsarediscussed,e.g.parametric
forms,algebraicimplicit surfaces,superquadrics,gen-
eralizedcylindersor polygonalmeshes.

Thereexist two main strategiesto dealwith object
models: Firstly, the object can be representedby
characteristicobject features(like edgesor corners,
etc.) and then be appliedto different problems(e.g.
pose estimation,object recognition). Secondly, the
object can be modeled as itself, e.g. in form of
an implicit or parametriccontour or surface. The
main propertiesof thesestrategies are clear: If we
assumescenarioscontainingeasyobjectswith easily
extractablecorneror edgefeatures(e.g.buildings or
artiÞcial objects),thereis no needto complicatethe
situation by using fully parameterizedmodels.But
especiallyin naturalenvironmentswith curvedshapes
and surfaces,feature extraction and matching is a
problem.Then there is needto deal with an object
as a whole, or as one single entity, respectively. We
want to dealwith objectsof generalshapewhich we
call free-form objectsas a generalclassof entities.
For adeÞnitionof free-formobjects,wewantto quote
Besl(1990):

DeÞnition1.1. A free-formsurfacehasawell deÞned
surfacethatis continuousalmosteverywhereexceptat
vertices,edgesandcusps.

Sculptures,car bodies,ship hulls, air planes,human
facesor organs are typical examplesfor free-form
objects.

Themainproblemwe concernis thealgebraiccou-
pling of free-formcontourswith the poseestimation
problem.Thereforewe useaslink betweenthesedif-
ferent topics the twist representation.Twists arerep-
resentingrigid body motions in the framework of
Lie algebras(Gallier, 2001). They are speciÞedin
Section2.2. In this work we will usetwists twofold,
on the onehandwithin our poseestimationproblem
as representationsof rigid body motionsand on the
otherhandto modeltheobjectcontoursasorbitsgen-
eratedfromasetof parameterizedoperatorsfor general

rotations.This uniÞcationof representationsenables
a compactdescriptionof theposeestimationproblem
for free-formcontoursin animplicit mannerby using
constraintequations,whichhave to befulÞlled.

TheICP(IterativeClosestPoint)algorithmsarewell
known for aligning3D objectmodels.Originally ICP
startswith two datasets(of points)andaninitial guess
for their rigid bodymotion.Thenthetransformationis
reÞnedby repeatedlygeneratingpairsof correspond-
ing pointsof thesetsandminimizing anerrormetric.
The ICP algorithmsaremostly appliedon 2D or 3D
point sets.Instead,we will lateruseit for comparison
of a trigonometricallyinterpolatedfunction with re-
constructedprojectionrays.Differentworksconcern-
ing ICP algorithmscanbefoundin Rusinkiewicz and
Levoy (2001),Czopf et al. (1999),HuberandHebert
(2001)andZang(1999).

To solve the poseestimationproblemof free-form
contourswe will startwith the poseestimationprob-
lem for entitieslike points,linesandplanes.Thenwe
will continuewith cycloidalcurvesasaspecialcaseof
algebraiccurves.In generala cycloidal curve is gen-
eratedby a circle rolling on a circle or a line without
slipping(Lee,2002).Wewill useatwist representation
to modelthesecurves(they arelatercalled3D 2twist
generatedcurves) and generalizethem to 3D ntwist
generatedcurves.Asshown later, special3Dtwistgen-
eratedcurvesarestronglyconnectedtoFourierdescrip-
tors (Arbter, 1989,1990;Granlund,1972)asspectral
representationof acontour. Fourierdescriptorsareof-
tenusedfor objectrecognitionbut arehardto connect
with the2D-3Dposeestimationproblemfor afull per-
spectivecameramodel.In thiswork weovercomethis
problembyapplyingFourierdescriptorsin akinematic
formalizationof theposeproblem.Thisrepresentation
canthenbeusedtomodela3Dtrigonometricallyinter-
polatedcurveof a3Dcontour. Therepresentationof an
objectshapebyusingtwistsiscompactandtransforma-
tionsof theobjectcanbeestimatedjustbytransforming
thegeneratorsof theentity. Furthermore,insteadof es-
timatingtheposefor a whole3D contour, we areable
to usea low-passversionof thecontourasanapproxi-
mation,leadingto aspeedupof thealgorithm.

Thepaperis organizedasfollows:Wewill startwith
our preliminaryworks in which we generateda setof
basisentitieswhich canbe usedto modelobjectsfor
poseestimation.Thenwe continuewith cycloidal and
twist generatedcurves andendup in free-formcon-
toursastrigonometricallyinterpolatedfunctions.Aim-
ing a trigonometricinterpolationcanbeinterpretedas
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constraintsuperpositionof orbitsgeneratedby asetof
coupledtwistsweusefor ourposeestimationscenario.
The relationof twist generatedcurvesand free-form
contoursis derivedin Section3.Thecontributionends
with experimentsonposeestimationof free-formcon-
toursandsomeextensions.

1.1. PreliminaryWork

Our recent work (Rosenhahnet al., 2000, 2002,
2003) can be summarized in the scenario of
Fig. 1.

In thesepreliminaryworks,weassumeasobjectfea-
tures3D points,3D lines, 3D spheres,3D circlesor
kinematicchain segmentsof a referencemodel (see
Fig. 2 for an example).Further, we assumeextracted
correspondingfeaturesin animageof acalibratedcam-
era.Theaim is to ÞndtherotationR andtranslationt
of theobject,which leadto thebestÞtof thereference
model with the actually extractedentities.To relate
2D imageinformation to 3D entitieswe interpretan
extractedimageentity, resultingfrom the perspective
projection,as a one dimensionhigher entity, gained
throughprojective reconstructionfrom the imageen-
tity. This ideawill beusedto formulatethescenarioas
apurekinematicproblem.As mentionedbefore,there
exist many scenarios(e.g.in naturalenvironments)in
which it is not possibleto extract point-like features

Figure1. Thescenario.Theassumptionsaretheprojectivecamera
model,the modelof the object (consistingof points,lines, circles
andkinematicchains)andcorrespondingextractedentitieson the
imageplane.Theaim is to Þndthepose(R, t) of themodel,which
leadsto thebestÞtof theobjectwith theactuallyextractedentities.

Figure 2. Poseestimationby usingdifferent typesof correspon-
dences.

ascornersor wedges.Thenthereis needto deale.g.
with the silhouetteof the objectasa whole entity in-
steadof sparselocalfeaturesonthesilhouette.Besides,
thereexist 3D objectswhichcannotberepresentedad-
equatelyby primitive object featuresas points, lines
or circles.Thesearethe scenarioswe addressin this
contribution.Additionally we arguethatfrom a statis-
tical point of view, poseestimationsof global object
descriptionsaremoreaccurateandrobust thanthose
from asparsesetof local features.

1.2. Algebraic Curves

Thissectiongivesabrief summaryof algebraiccurves
(Lee, 2002). Thereexist many ways of deÞningal-
gebraic curves. They can be deÞnedas parametric
or algebraicimplicit forms or polynomial equations
(CampbellandFlynn,2001).For examplea coniccan
bedeÞnedasthesetof intersectionpointsof two pro-
jectively relatedpencilsof lines(HestenesandZiegler,
1991).It is alsopossibleto deÞnea conicasintersec-
tion of a conewith a plane.Parametric,cartesianor
polarequationsof a curve leadto quitedifferentrep-
resentations.E.g., the parametricequationof a plane
cardioidis

(x, y) = (a(2cos(t) Š cos(2t)), a(sin(t) Š sin(2t)),

(1.1)

acartesianequationis

(x2 + y2 Š 2ax)2 = 4a2(x2 + y2) (1.2)
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andthepolarequationis

r = 2a(1 + cos(� )). (1.3)

The resultingquestionis: Which representationof an
algebraiccurve is well suitedwithin theposeestima-
tion problem?As mentionedbefore,we want to use
concepts,which arealreadyelementof thekinematic
framework weusefor theposeproblem.Thereforewe
preferto describealgebraiccurvesasorbitsof a twist
generatedfunction. The secondargument for using
twists consistsin their compactrepresentationwithin
theposeproblemto gainsmallandeasilyinterpretable
equations.More detailedinformationaboutalgebraic
curvescanalsobe found in OÕConnorandRobertson
(2002).

Here we will concentrateon a subclassof the
roulettes, thecycloidalcurves, whicharecirclesrolling
oncirclesor lines.Figure3 showsasubtreeof thefam-
ily of algebraiccurves.Cycloidalcurvescanbedistin-
guishedbetweenepitrochoids,hypotrochoidsandtro-
choids,whichsplit to othersubclasses.Figure3 shows
examplesof thesecurves.

Sincea circle canbe interpretedasa point rotating
arounda line in thespace,acircle rolling onacircle is
nothingmorethana point rotatingaroundtwo twists
in aÞxedanddependentmanner.

Thecurvesaredistinguishedby therelativeposition
of the twists with respectto the startingpoint on the
curve and the frequency of the twists. We will now
continueto explainsomecurvesmoredetailed:

Figure3. Treeof algebraiccurves.

1. A cardioid canbedeÞnedasthetraceof apointon
a circle that rolls arounda Þxedcircle of thesame
sizewithout slipping.Cardioidsaredoublegener-
ated, whichmeans,thatacardioidis both,anepicy-
cloid anda hypocycloid, sinceit canbe generated
in two differentways.Cardioidsweree.g.studied
by Roemer(1674).

2. A nephroid canbe deÞnedas the traceof a point
Þxed on a circle of radius 1

2r that rolls arounda
Þxedcircle with radiusr . Nephroidsarealsodou-
ble generated.They werestudiedby Huygensand
Tschirnhausenabout1679.

3. A rose is deÞnedas a curve of epi/hypocycloids
with respectto its center. Thecurve hasloopsthat
aresymmetricallydistributedaroundthepole. The
loopsarecalledpetalsor leafs.They werestudied
by GuidoGrandiaround1723.

4. An ellipse is commonly deÞnedas the locus of
points P suchthat the sumof the distancesfrom
P to two Þxedpoints F1, F2 (calledfoci) arecon-
stant.The ellipsesseemto have beendiscovered
by Menaechmus(a Greek,c.375-325BC), tutor to
AlexandertheGreat.

5. A deltoidcanbedeÞnedasthetraceof apointona
circle, rolling insideanothercircle 3 or 3

2 timesas
largein radius.Deltoidswereconceivedby Eulerin
1745in connectionwith astudyof causticscurves.

6. An astroidisdeÞnedasthetraceof apointonacircle
of radiusr rolling insidea Þxedcircle of radius4r
or 4

3r . The cycloidal curves,including the astroid,
werealsodiscoveredby Roemer(1674).
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7. A trochoidisdeÞnedasthetraceof apointÞxedona
circlethatrollsalongaline.Thiscurveissometimes
called,thetraceof a bikevalve.

Indeedit is possibleto generalizecycloidal curves
to e.g.circlesrolling on circles/lines,which areagain
rolling oncircles/lines.Thisgeneralizationof n nested
rolling circlesis later achieved with ntwist generated
curves. Sincethesecurves can be interpretedas the
sumof n phasevectors,wewill latershow theconnec-
tion of ntwist generatedcurvesto Fourierdescriptors,
well known from signaltheory. SinceFourierdescrip-
torscanbeusedto trigonometricallyinterpolatefunc-
tions,wehavethenthedirectlink tousetwistgenerated
curvesfor any free-formcontour.

ThesecurvesaremostlydeÞnedin the2Dplane.For
our scenarioof poseestimationwe will extendthese
curvesto 2D or 3D curvesin the3D space.

2. Curvesin Conformal GeometricAlgebra

This sectionconcernsthe formalizationof cycloidal
curvesin conformalgeometricalgebra.Geometrical-
gebrasarethe languagewe usefor our poseproblem.
Themainargumentsfor usingthislanguagein thiscon-
text areits densesymbolicrepresentationandits cou-
pling of projectiveandkinematicgeometry. Onemain
problemfor 2DÐ3Dposeestimationarethe involved
mathematicalspaceswhich areelementsof the strat-
iÞcationhierarchyproposedby Faugeras(1995).On
theonehandwe areinterestedin estimatinga special
afÞnetransformation(a rigid bodymotion)andon the
otherhandwe observe objectsin an imageandthere-
fore have to dealwith projective geometry. To over-
comethisproblemweuseaconformalembeddingand
so we areableto dealwith Euclidean,projective and
kinematicgeometryin onelanguage.We will Þrstin-
troducethebasicnotationof conformalgeometrical-
gebraandthemodelingof entitiesandtheir kinematic
transformations.Wemakeuseof it to modelcycloidal
curvesin the 3D space.Modeling cycloidal curvesis
alsopossiblein afÞnegeometry, but in the next sec-
tion we thencombinethis formalizationwith ourpose
estimationproblemand then thereis needfor using
conformalgeometry:The imageentitiesare projec-
tively reconstructedto e.g.projectionraysandarethen
transformedtoconformallines(Pl¬uckerlines(Rooney,
1978)).Sotheprojectiveaspectof theposeproblemis
transformedtoakinematiconeandthencombinedwith
thekinematicdescriptionof thecycloidal curves.

This sectiongivesonly a brief introductionto geo-
metric algebras.The readershouldconsult(Hestenes
and Sobczyk, 1984; Sommer, 2001; Perwass and
Hildenbrand,2003;Rosenhahn,2003)for a morede-
tailedintroduction.

2.1. Introductionto ConformalGeometricAlgebra

In this sectionwe introducethemainpropertiesof the
conformalgeometricalgebra(CGA) (Li et al., 2001).
Theaim is to clarify thenotations.

In general,a geometricalgebraGp,q (p, q � N0)
is a linearspaceof dimension2n, n = p + q, with a
subspacestructure,calledblades,torepresentso-called
multivectorsashigherorderalgebraicentitiesin com-
parisonto vectorsof a vectorspaceasÞrstorderenti-
ties.A geometricalgebraGp,q resultsin aconstructive
way from a vectorspaceRp,q, endowedwith thesig-
nature(p, q), n = p+ q, by applicationof ageometric
product.Thegeometricproductof two multivectorsA
andB is denotedasAB.

To be moredetailed,let ei andej (ei , ej � Rp,q) be
twoorthonormalbasisvectorsof thevectorspace.Then
thegeometricproductfor thesevectorsof thegeometric
algebraGp,q is deÞnedas

ei ej :=

�
����

����

1 � R for i = j � { 1, . . . , p}

Š1 � R for i = j � { p + 1, . . . ,

p + q = n}

ei j for i �= j .

(2.4)

The geometricproductof the sametwo basisvectors
leadsto ascalar, whereasthegeometricproductof two
differentbasisvectorsleadsto a new entity, which is
calledabivector.Thisbivectorrepresentsthesubspace,
spannedby thesetwo vectors.

Geometricalgebrascanbeexpressedonthebasisof
gradedelements.Scalarsareof gradezero,vectorsof
gradeone,bivectorsof gradetwo, etc.A linearcombi-
nationof elementsof differentgradesis calleda mul-
tivectorM andcanbeexpressedas

M =
n�

i = 0

� M� i , (2.5)

wheretheoperator�·� s denotestheprojectionof agen-
eralmultivectorto theentitiesof grades. A multivector
of gradei is calledani -bladeif it canbewrittenasthe
outer productof i vectors.A blade A of gradei is
sometimeswrittenasA� i � .
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The inner (·) andouter(� ) productof two vectors
u, v � � Gp,q� 1 � Rp+ q aredeÞnedas

u · v :=
1
2

(uv + vu), (2.6)

u � v :=
1
2

(uv Š vu). (2.7)

Here� = u · v � R is ascalar, which is of gradezero,
i.e. � � � Gp,q� 0. Besides,B = u � v is a bivector, i.e.
B � � Gp,q� 2. Note,thatfor basisvectorsei , ej � Gp,0,
with i �= j thefollowing propertieshold,

ei ei = e2
i = ei · ei = 1

ei ej = ei � ej = ei j

ei � ei = 0 = ei · ej .

To enlightenthe rules of the geometricproduct,the
geometricproductof two 3D vectorsu, v � G3,0 is
calculatedasanexample:

uv = (u1e1 + u2e2 + u3e3)(v1e1 + v2e2 + v3e3)

= u1e1(v1e1 + v2e2 + v3e3) + u2e2(v1e1 + v2e2

+ v3e3) + u3e3(v1e1 + v2e2 + v3e3)

= u1v1 + u2v2 + u3v3 + (u1v2 Š u2v1)e12

+ (u3v1 Š u1v3)e31 + (u2v3 Š u3v2)e23

= u · v + u � v. (2.8)

Thusthe geometricproductof two vectorsleadsto a
scalarrepresentingtheinnerproductof thetwo vectors
(correspondingto the scalarproductof thesevectors
in matrix calculus),andto a bivectorrepresentingthe
outerproductof two vectors.As extensionthe inner
productof ar -bladeu1 � · · · � ur with as-bladev1 �
· · · � vs canbedeÞnedrecursively as

(u1 � · · · � ur ) · (v1 � · · · � vs)

=

�
����

����

((u1 � · · · � ur ) · v1) · (v2 � · · · � vs)

if r � s

(u1 � · · · � ur Š1) · (ur · (v1 � · · · � vs))

if r < s,

(2.9)

with

(u1 � . . . � ur ) · v1

=
r�

i = 1

(Š1)r Ši u1 � . . . � ui Š1 � (ui · v1)

� ui + 1 � . . . � ur , (2.10)

ur · (v1 � . . . � vs)

=
s�

i = 1

(Š1)i Š1v1 � . . . � vi Š1 � (ur · vi )

� vi + 1 � . . . � vs. (2.11)

The following example illustratesthe inner product
rule.Let e1, e2 � G2,0, then

e1 · (e1 � e2) = (e1 · e1) � e2 Š e1 � (e1 · e2) = e2.

The bladesof highestgradeare n-blades,called
pseudoscalars. Pseudoscalarsdiffer from eachother
by a nonzeroscalaronly. For non-degenerategeomet-
ric algebrasthereexist two unit n-blades,called the
unit pseudoscalars ± I .

Thedual X� of ar -bladeX is deÞnedas

X� := XI Š1. (2.12)

Thedualof ar -bladeis a (n Š r )-blade.
Thereverse�A� s� of as-bladeA� s� = a1 � · · · � as is

deÞnedasthereverseouterproductof thevectorsai ,

�A� s� = (a1 � a2 � · · · � asŠ1 � as)�

= as � asŠ1 � · · · � a2 � a1. (2.13)

For later usewe introducethe commutator× and
anti-commutator× products,respectively, for any two
multivectors,

AB =
1
2

(AB + BA) +
1
2

(AB Š BA)

= : A× B + A× B. (2.14)

We usetheconformalgeometricalgebra (Li et al.,
2001) to model the geometry of our scenariofor
free-formposeestimation.Theideabehindconformal
geometryis to interpret points as stereographically
projected points. Simply speakinga stereographic
projection is one way to make a ßat map of the
earth. Taking the earth as a 3D sphere,any map
mustdistort shapesor sizesto somedegree.The rule
for a stereographicprojection has a nice geometric
descriptionandis visualizedfor the1D casein Fig. 4:
Think of theearthasa transparentsphere,intersected
on theequatorby anequatorialplane. Now imaginea
light bulb atthenorthpolen, whichshinesthroughthe
sphere.Eachpointonthespherecastsashadow onthe
paper, andthatis whereit is drawn onthemap.Before
introducingaformalizationin termsof geometricalge-
bra,wewantto repeatthebasicformulasfor projecting
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Figure 4. Visualizationof a stereographicallyprojectionfor the
1D case:Pointsonthelinesareprojectedonthecircle.Notethatthe
point at inÞnity projectsto thenorthpolen, andtheorigin projects
to thesouthpoles.

pointson the (hyper-) planeonto the sphereandvice
versa,e.g.given in Needham(1997).To simplify the
calculations,wewill restrictourselvesto the1-D case,
asshown in Fig. 4. We assumetwo orthonormalbasis
vectors{e1, e+ } and assumethe radiusof the circle
as� = 1. Note that e+ is an additionalvectorto the
one-dimensionalvectorspacee1 with e2

+ = e2
1 = 1.

To projectapointx	 = ae1 + be+ onthesphereonto
thee1-axis,theinterceptiontheoremscanbeappliedto
obtain

x =
�

a
1 Š b

�
e1 + 0e+ . (2.15)

To projecta point xe1 (x � R) ontothecircle we have
to estimatethe appropriatefactorsa, b � [0, . . . , 1].
Thevectorx	 canbeexpressedas

x	 = ae1 + be+

=
2x

x2 + 1
e1 +

x2 Š 1
x2 + 1

e+ , (2.16)

andusinga homogeneouscoordinatee3 this leadsto
a doublehomogeneousrepresentationof thepoint on
thecircleas

x	 = xe1 +
1
2

(x2 Š 1)e+ +
1
2

(x2 + 1)e3. (2.17)

Thevectorx is mappedto

x 
 x	 = ae1 + be+ + e3. (2.18)

WedeÞnee3 tohaveanegativesignature,andtherefore
replacee3 with eŠ , wherebye2

Š = Š 1. This hasthe

advantagethat in addition to using a homogeneous
representationof points, we are also working in a
Minkowski space.Euclideanpoints,stereographically
projectedontothecircle in Fig.4,arethenrepresented
by thesetof null vectorsin our new space.Thus,we
have themapping

x 
 x	 = ae1 + be+ + eŠ , (2.19)

with

(x	)2 = a2 + b2 Š 1 = 0 (2.20)

since(a, b) arethecoordinatesof apointontheunitcir-
cle.Eachpointin Euclideanspaceis in factrepresented
by a line of null vectorsin the new space:the scaled
versionsof thenull vectoron theunit circle.Notethat
theuseof null elementsis alsocommonin otheralge-
bras,e.g.thefamousdualquaternions(Blaschke,1960)
or themotoralgebra(Bayro-Corrochannoetal.,2000).
But insteadof usinganelementwhichsquaresto zero,
hereaMinkowski spaceis usedto modelnull vectors.
Oneadvantageof thisembeddingis theexistenceof an
inversepseudoscalar, which is importantto compute
intersectionsbetweenentities.Suchoperationsarenot
sosimplein thedualquaternionsor themotoralgebra.

In Li et al. (2001) it is shown that the conformal
groupof n-dimensionalEuclideanspaceRn is isomor-
phic to theLorentzgroupof Rn+ 1,1. Furthermore,the
geometricalgebraGn+ 1,1 of Rn+ 1,1 hasaspinorrepre-
sentationof theLorentzgroup.Therefore,any confor-
mal transformationof n-dimensionalEuclideanspace
is representedby aspinorin Gn+ 1,1, theconformalge-
ometricalgebra.Figure5 visualizesthehomogeneous
modelfor stereographicprojectionsfor the1D case.

Substituting the expressionsfor a and b from
Eq.(2.16)into Eq.(2.19),weget

x	 = xe1 +
1
2

(x2 Š 1
	
e+ +

1
2

(x2 + 1
	
eŠ . (2.21)

This homogeneousrepresentationof a point is used
aspoint representationin theconformalgeometrical-
gebra.Wewill show this in thenext section.Notethat
thestereographicprojectionleadstopointsonasphere.
Therefore,wecanuse(special)rotationsonthissphere
tomodele.g.translationsor rigid bodymotionsascou-
pledrotationsandtranslations.Sincewealsouseaho-
mogeneousembedding,we have furthermorethepos-
sibility to modelprojectivegeometry.
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Figure 5. Visualization of the homogeneousmodel for stereo-
graphicprojectionsfor the1D case.All stereographicallyprojected
pointsareon a cone,which is a null-conein theMinkowski space.
Notethatin comparisonto Fig.4, thecoordinateaxesarerotatedand
perspectively drawn.

To introduce the conformal geometric algebra
(CGA) we follow Li et al. (2001) and start with the
MinkowskiplaneR1,1, whichhasanorthonormalbasis
{e+ , eŠ }, deÞnedby theproperties

e2
+ = 1 e2

Š = Š 1 and e+ · eŠ = 0. (2.22)

A null basiscannow beintroducedby thevectors

e0 :=
1
2

(eŠ Š e+ ) and e := eŠ + e+ , (2.23)

with e2
0 = e2 = 0. Thevectore0 canbeinterpretedas

theorigin, andthevectore asa point at inÞnity. Note
that this is in consistency with Fig. 5: e0 corresponds
to thesouthpoles ande correspondsto thenorthpole
n in homogeneouscoordinates.FurthermorewedeÞne
E := e � e0 = e+ � eŠ .

In the caseof working in an n-dimensionalvector
spaceRn we couplean additionalvectorspaceR1,1,
whichdeÞnesanull spaceto gainRn � R1,1 = Rn+ 1,1.
From that vector spacewe canderive the conformal
geometricalgebra(CGA) Gn+ 1,1 aslinearspaceof di-
mension2n+ 2. For the3-dimensionalvectorspaceR3

wegainG4,1, whichcontains25 = 32elementsof dif-
ferentstructure.We furtherdenotetheconformalunit
pseudoscalaras

I C = e+Š 123 = Ee123 = EI E. (2.24)

ThealgebrasG3,1 andG3,0 aresuitedtorepresentthe
projectiveandEuclideanspace,respectively(Hestenes,
1994;HestenesandZiegler, 1991).Since

G4,1 � G3,1 � G3,0, (2.25)

both algebrasfor the projective andEuclideanspace
constitutesubspacesof the linear spaceof the CGA.
It is possibleto useoperatorsto relate the different
algebrasand to guaranteethe mappingbetweenthe
algebraicproperties(Rosenhahn,2003; Perwassand
Hildenbrand,2003). This relation is also interesting
sinceit buildsanotherstratiÞcationhierarchy, contain-
ing theEuclidean,projective andconformalspace,in
contrasttoFaugerasÕstratiÞcationhierarchy(Faugeras,
1995),containingtheEuclidean,afÞneandprojective
space.

The basisentitiesof the 3D conformal spaceare
spheress, deÞnedby the center p and the radius� ,
s = p+ 1

2(p2Š � 2)e+ e0. A pointx = x+ 1
2x2e+ e0 is

nothingelsebutadegeneratespherewith radius� = 0,
which caneasilybeseenfrom therepresentationof a
sphere.Evaluatingx leadsto

x = x +
1
2

x2e + e0

= x +
1
2

x2(e+ + eŠ ) +
1
2

(eŠ Š e+ )

= x +
�

1
2

x2 Š
1
2

�
e+ +

�
1
2

x2 +
1
2

�
eŠ . (2.26)

This is exactly the homogeneousrepresentationof a
stereographicallyprojectedpoint,givenin (2.21).The
basisvectors{e, e0} only allow for a more compact
representationof vectorsthanwhenusing{e+ , eŠ }.

A point x is on a spheres iff x · s = 0. As shown
in Rosenhahn(2003),afÞnepoints, lines and planes
canbeexpressedasX� = e � x, L � = e � a � b and
P� = e � a � b � c. But sincewe only work with the
entitiesin their dual representation,we neglect the � -
signin thefurtherformulas.Theentitiesandtheirdual
representationaresummarizedin Table1.Thistableis
takenfrom Rosenhahn(2003)andLi etal. (2001).

In this work we do not useall propertieswhich are
offeredbytheconformalgeometricalgebra.Thereisno
needfor usto estimatee.g.inversionsor otherconfor-
mal mappings,which canbe estimatedin conformal
geometricalgebra(PerwassandHildenbrand,2003).
Thepropertiesweneedaretheintrinsicrelationof pro-
jective andconformalgeometryandthepossibility to
expressrigid motionsin a linearmanner.

2.2. TwistsasGeneratorsof Rigid
BodyMotion in CGA

This sectionconcernsthemodelingof rigid bodymo-
tion in conformalgeometricalgebra.It is well known,



PoseEstimationof 3D Free-Form Contours 275

Table 1. Theentitiesandtheir dualrepresentationsin CGA.

Entity Representation G. Dual representation G.

Sphere s = p + 1
2 (p2 Š � 2)e + e0 1 s� = a � b � c � d 4

Point x = x + 1
2 x2e + e0 1 x� = (Š Ex Š 1

2 x2e + e0)I E 4

Plane P = nI E Š de 1 P� = e � a � b � c 4

n = (a Š b) � (a Š c)

d = (a � b � c)I E

Line L = r I E + emI E 2 L � = e � a � b 3

r = a Š b

m = a � b

Circle z = s1 � s2 2 z� = a � b � c 3

Pz = z · e, L �
z = z � e

p
z

= Pz 
 Lz, � = z2

(e� z)2

PointPair P P = s1 � s2 � s3 3 P P� = a � b, X� = e � x 2

thata rigid motionof anobjectis a continuousmove-
mentof theparticlesin theobjectsuchthatthedistance
betweenany two particlesremainsÞxed at all times
(Murrayetal., 1994).A rigid motionis constitutedby
a rotationR anda translationT . In CGA bothopera-
tionscanbeexpressedin a linearmannerandthey can
alsobeappliedto differententities(e.g.points,lines,
circles,spheres)in thesamemanner. Rotationsin G4,1

arerepresentedby rotors,

R = exp
�
Š

�
2

l
�

=
��

k= 0



Š �

2 l
	 k

k!

= cos
�

�
2

�
Š l sin

�
�
2

�
. (2.27)

Thecomponentsof therotor R aretheunit bivectorl
(l 2 = Š 1), which representsthe dual of the rotation
axis,andtheangle� , which representstheamountof
rotation.If we want to translateanentity with respect
to a translationvectort � G3,0, wecanuseaso-called
translator,

T = exp
�

et
2

�
=

�
1 +

et
2

�
. (2.28)

This translatoris a specialrotor, similar to a transla-
tor in the dual quaternionalgebra.The main differ-
enceof CGA to thedualquaternionalgebra(Rooney,
1978) or motor algebra(Bayro-Corrochannoet al.,
2000) is the way in which the geometricentitiesare
encoded.This leadsto remarkabledifferencesin esti-
matingrigid motionsfor differententities.Let X bea

point in CGA. Thenrotationsandtranslationscanbe
expressedby applyingrotorsandtranslatorsasversor
products(Hesteneset al., 2001),e.g. X	 = RX ÷R, or
X		 = T X ÷T. To expressa rigid bodymotionwe con-
catenatemultiplicatively a rotor anda translator. Such
anoperator(it is aspecialeven-grademultivector)will
bedenotedasa motor M, which is anabbreviation of
ÒmomentandvectorÓ.Therigid bodymotionof e.g.a
point X canbewrittenas

X	 = MX ÷M

= T RX ÷R ÷T, (2.29)

see also Bayro-Corrochannoet al. (2000). But as
mentionedbefore,this doesnot only hold for point
concepts.Other entitieslike lines, plane,circles and
spherescanbe transformedin exactly thesameman-
ner. Note that this is in contrastto themotoralgebra:
TheCGA is a universalalgebrasinceit is build from
1-vectorswhereasthe motor algebrais build from 2-
vectors.Thatis thereasonwhy estimatingtransforma-
tionsin themotoralgebracanonly bedonewith taking
careof differentsignswithin themotorsactingon the
differententities,seeBayro-Corrochannoetal. (2000)
for moredetails.

Following e.g. Murray et al. (1994), a rigid body
motion canbe expressedasa twist or screw motion,
whichisarotationaroundaline in space(in generalnot
passingthroughtheorigin)1 combinedwith a transla-
tionalongthisline.TheinÞnitesimalversionof ascrew
motionis calledatwist andit providesadescriptionof
the instantaneousvelocity of a rigid body in termsof
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its linear andangularcomponents.In CGA it is pos-
sibleto usetherotorsandtranslatorsto expressscrew
motionsin space.A screw motionis deÞnedby anaxis
l � , apitchh andamagnitude� . Thepitch of thescrew
is theratioof translationto rotation,h := d

� (d, � � R,
� �= 0). If h � � , thenthecorrespondingscrew mo-
tion consistsof apuretranslationalongtheaxisof the
screw. Theresultingmotortakestheform (Rosenhahn,
2003)

M = exp
�
Š

�
2

(l + em)
�

. (2.30)

The bivector in the exponentialpart, Š �
2(l + em), is

a twist. The vectorm is a vector in R3 which canbe
decomposedin an orthogonaland parallel part with
respectto the rotationaxis n = l � . If m is zero, the
motorM givesapurerotationandif l iszero,themotor
givesa puretranslation.For m � l � , the motor gives
a generalrotationandfor m �� l � , the motor givesa
screw motion.

Note,thatgeneralrotationsareagoodrepresentation
to modeljoints alongmanipulators.The ideaof their
twist representationasamotoris to translateboth,the
entity andthe line to theorigin, to performa rotation
andto translatebackthetransformedentity. Themotor
M, interpretedas the exponentialof a twist, may be
writtenas

M = T R ÷T

= exp
�
Š

�
2

(l + e(t · l ))
�

= exp
�
Š

�
2

�
�

. (2.31)

Therigid bodymotionof apointcanthenbewrittenas

X	 = MX ÷M

= (T R ÷T)X(T ÷R ÷T). (2.32)

Notethatweuse� for atwist in theafÞnespaceand�
for atwist in theconformalspace.For pointsthesetwo
structuresareequivalent.But � is moregeneralsince
it canalsobeappliedonotherentities.

2.3. OperationalDeÞnitionof CycloidalCurves

While in the last sectionwe statedthat twists canbe
consideredasgeneratorsof theLie groupof rigid body

motion for a certainsetof entities,we will now con-
sider curves as generalizedgeometricentitieswhich
resultfrom twistsasorbitsof acertainLie group.That
is, herewe restrictourselves to modelcurvesby the
algebraicallyconstrainedmotion of points in space.
As previously explained,cycloidal curvesarecircles
rolling on circlesor lines. In this sectionwe will ex-
plain how to generatesuchcurvesastwist depending
functionsin conformalgeometricalgebra.Forexample
conicsareno entitieswhich canbedirectly described
in conformalgeometricalgebra.Theideafor modeling
conicsis visualizedin Fig. 6: We assumetwo parallel
twists in 3D spaceanda 3D point on the conic, and
wetransformthepointaroundthetwo twistsin aÞxed
anddependentmanner. In this casewe usetwo cou-
pledparallel(not collinear)twists,rotatethepoint by
Š2� aroundtheÞrsttwist (1) andby � aroundthesec-
ondone(2). Thesetof all pointsfor � � [0, . . . , 2� ]
generatesaconicastheorbit of thecorrespondingLie
group.

In general,every cycloidal curve is generatedby
a set of twists � i with frequencies	 i acting on one
point X on the curve. Sincem twists canbe usedto
describegeneralrotationsin the2D planeor 3D space,
we call the generatedcurvesnD-mtwist curves.With
nD-mtwist curves we mean n dimensionalcurves,
generatedby m twistswith n, m � N. In thecontext of
the 2D-3D poseestimationproblemwe usethe twist
generatedcurvesas3Dobjectentities.Sowemean3D-
mtwist curves,if wespeakof justmtwist curves.Note,
that the cycloidal curves are a specialcaseof twist-
generatedcurves.E.g. a spiral is no cycloidal curve,
but can be generatedwith two twists. Furthermore,
cycloidal curvesrequireaspecialrelationbetweenthe

Figure6. A conicgeneratedwith apointandtwo coupledtwists.
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Figure7. Curvesgeneratedfrom 3D-2twistswith parallelandnon-parallelaxes.

frequency andthetwist location.Onlythenit ispossible
to modela circle rolling alonganothercircle without
slipping.Suchrestrictionsarenot necessaryfor twist
generatedcurves.Furthermoreit is possibleto arrange
the twist axes non-parallel,resulting in non-planar
curves in 3D spaceas shown in the right imagesof
Fig. 7.

We will startwith very simplecurves.Thesimplest
oneconsistsof onepoint(apointonthecurve)andone
twist. Rotatingthepoint aroundthe twist leadsto the
parameterizedgenerationof a circle: Thetransforma-
tion canbe expressedwith a suitablemotor M � and
anarbitrary3D point, XZ , on thecircle.The3D orbit
of all locationson the circle the point cantake on is
simply givenby

X�
Z = M � XZ

÷M � : � � [0, . . . , 2� ]. (2.33)

We call a circle also a 1twist generatedcurve. The
pointson the orbit areconstrainedby the motor M �

aselementof aLie group.This is in contrastto classi-
cal subspaceconceptsin vectorspaces.

Now wecancontinueandwrapasecondtwistaround
theÞrstone.If wemaketheamountof rotationof each
twist dependenton eachother, we gain a 3D curve in
general.This curve is Þrstlydependenton therelative
positionsandorientationof the twistswith respectto
eachother, the (starting)point on the curve, and the
ratioof angularfrequencies.For paralleltwist axeswe
gaina2D curvein3D space,whereaswegeta3D curve
in 3D spacefor non-paralleltwist axes.

Thegeneralform of a2twistgeneratedcurve is

X�
C = M2

	 2� M1
	 1� XC

÷M1
	 1�

÷M2
	 2�

= exp
�

Š
	 2�
2

� 2

�
exp

�
Š

	 1�
2

� 1

�
XC

× exp
�

	 1�
2

� 1

�
exp

�
	 2�
2

� 2

�
:

	 1, 	 2 � R, � � [� 1, . . . , � 2]. (2.34)

The motorsM i arethe exponentialsof the twists � i ,
the scalars	 i � R determinethe ratio of angular
frequenciesbetweenthe twists and XC is a point on
the curve. The values� i deÞnethe boundariesof the
curve and indeedit is also possibleto deÞnecurve
segments.

Figure7 shows further examplesof curves,which
can be very easily generatedby two coupledtwists.
Note that also the archimedic spiral is a 2twist
generatedcurve. To gain an archimedicspiral, one
twist has to be a translator. All these curves are
given in the 3D space.In Fig. 7 only projectionsare
shown. Figure 8 shows different projective views
of a 3D twist generatedcurve. Table 2 gives an
overview of some well known entities, interpreted
as twist generatedcurves as well as twist generated
surfaces.

Therigid bodymotionof theseentitiescaneasilybe
estimated,just by transformingthe startingpoint and
thegeneratingtwists.Thetransformationof anmtwist
generatedcurvecanbeperformedby transformingthe
m twists (which are just lines in the space)and the
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Table 2. Well known 3D entities as mtwist curves or
surfaces.

Entity Class Entity Class

Point 0twist curve rose 2twist curve

Circle 1twist curve spiral 2twist curve

Line 1twist curve sphere 2twist surface

Conic 2twist curve plane 2twist surface

Line segment 2twist curve cone 2twist surface

Cardioid 2twist curve cylinder 2twist surface

Nephroid 2twist curve quadric 3twist surface

Figure 8. Perspective views of a 3D-2twist generatedcurve. The
2twist curveandthetwistsaxesarevisualized.

point on thecurve. Thedescriptionof thesecurvesis
compact,and rigid transformationscan be estimated
very fast.Wewill focusoncurvesonly in this paper.

3. Estimating Twists fr om a GivenClosedCurve

Sofarwehavediscussedhow asetof multiplicatively
coupledtwists canbe usedto generatea curve. Sim-
ilarly, we can ask how a given closedcurve may be
parameterizedwith respectto a setof additively cou-
pled twists.This problemis in fact closelyrelatedto
Fourierdescriptors,whichareusedfor objectrecogni-
tion (Granlund,1972;ZahnandRoskies,1972;Arbter
etal.,1990;Kauppinenetal.,1995)andafÞneposees-
timation(ArbterandBurkhardt,1991;Reiss,1993)of
closedcontours.Wewill show herethatasetof coupled

twistsactingon a vectoris equivalentto a sumover a
setof rotors,eachof which actson a differentphase
vector. The latter canbe regardedasa Fourier series
expansion,whosecoefÞcientsarealsocalledFourier
descriptors.

Theequivalenceof coupledtwistsmodelinggeneral
rotationsandaFourierexpansionis mosteasilyshown
in Euclideanspace.Let

R�
i := exp

�
Š

� ui �
T

l
�

, (3.35)

whereT � R is the length of the closedcurve, ui �
Z is a frequency number and l is a unit bivector
which deÞnesthe rotationplane.Furthermore,÷R�

i =
exp(� ui �/ T l ). Recall that l 2 = Š 1 and, as noted
in Eq. (2.27),we canthereforewrite the exponential
functionas

exp(� l ) = cos(� ) + sin(� ) l . (3.36)

A 2twist generatedcurve may thenbe written in Eu-
clideanspaceasfollows,

X�
C = M2

	 2� M1
	 1� XC

÷M1
	 1�

÷M2
	 2�

� x�
C = R�

2




R�

1 (xC Š t1) ÷R�
1 + t1

	
Š t2

	
÷R�

2 + t2

= R�
2 R�

1(xC Š t1) ÷R�
1

÷R�
2 + R�

2(t1 Š t2) ÷R�
2 + t2

= p0 + V �
1 p1

÷V �
1 + V �

2 p2
÷V �

2 , (3.37)

wherep0 � t2, p1 � t1 Š t2, p2 � xC Š t1, V �
1 � R�

2 ,
V �

2 � R�
2 R�

1 and	 i = 2� ui / T. Note that for planar
curvestherotorsR�

1 andR�
2 actin thesameplaneand

thevectorsxC, t1 andt2 lie in therotationplane.Hence,
the{ pi } lie in therotationplane.

It canbeshown thatif avectorx lies in therotation
planeof somerotor R, then Rx = x ÷R. The previous
equationcanthereforebewrittenas

x�
C = p0 + p1

÷V2�
1 + p2

÷V2�
2 . (3.38)

Note that the squareof a rotor is equalto a rotor of
twice theanglein thesamerotationplane.Therefore,
÷V �

i
÷V �

i = ÷V2�
i . Using the exponentialform of rotors,

weget

x�
C = p0 + p1 exp

�
2� u1�

T
l
�

+ p2 exp
�

2� u2�
T

l
�

. (3.39)
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This is equivalentto a Fourierseriesexpansionwhere
we have replacedthe imaginaryunit i =

�
Š1 with l

andthecomplex FourierseriescoefÞcientswith vectors
thatlie in theplanespannedby l . Thelattervectorsare
thephasevectors.In generalit maybeshown thatany
closed,planarcurveC(� ) canbeexpressedasaseries
expansion

C(� ) = lim
N��

N�

k=Š N

pk exp
�

2� k�
T

l
�

= lim
N��

N�

k=Š N

R�
k pk

÷R�
k . (3.40)

For every closedcurve thereis a uniquesetof phase
vectors{ pk} that parameterizesthe curve. However,
suchasetcorrespondsto inÞnitelymany differentcom-
binationsof coupledtwists.Thatis, givenasetof cou-
pledtwists,wecanobtainthecorrespondingphasevec-
tors { pk} but not vice versa.The spectralrepresenta-
tion of a curve transformsthetranslationalpartsof its
generatingtwists into a setof differentphasevectors
andthereforeresultsin a purerotor description.This
additive representationis unique,whereasthe multi-
plicativecoupledtwist representationisnot.Therefore,
weusetheadditivedescriptionfor ourposeestimation
scenariolateron.

The expansionin Eq. (3.40) is again closely re-
latedto thestandardFourierseriesexpansionof areal,
scalarvaluedfunction. In Fig. 9 a closedcurve cre-
atedby two coupledtwists is shown in the yz-plane.
Supposethat insteadof C(� ) we considerCS(� ) :=
C(� ) + 2� � / T e1, wheree1 is the unit vectoralong
the x-axis.If we projectCS(� ) onto the xy-planeand
xz-plane,we obtainthetwo othercurvesshown. This
visualizesthewell known fact thatwe canregardany
periodic function in a spaceof dimensionn as the
projectionof a closedcurve in a spaceof dimension
n + 1.

The phasevectors{ pk} arealsocalledFourier de-
scriptors. It haslongbeenknownthatonecanalsocon-
struct afÞneinvariant Fourier descriptors(Granlund,
1972; Arbter, 1989), that is, entities that describea
closedcurve andstay invariantunderafÞnetransfor-
mationsof the curve. This is particularly useful for
objectrecognitionandhasbeenusedin many applica-
tions(Arbter et al., 1990;Fenske, 1993;Tello, 1995).
The samerelationsthat allow oneto constructafÞne
invariantFourierdescriptorsalsoallow for afÞnepose
estimation.Thisworksin thefollowing way. Consider

Figure9. Projectionsof acurvecreatedby coupledtwists.

a closedcurve that lies on a planewhich is tilted with
respectto anobserver. This curve is projectedwith an
afÞnecameraonto an imageplane.The poseof the
planein spacecanthenbeestimatedgiventheFourier
descriptorsof theprojectedcurveaswell astheFourier
descriptorsof theoriginalcurve.SeeArbter(1990)for
moredetails.

We attemptedto performa projective poseestima-
tion via Fourier descriptors.Unfortunately, thereare
twomajorproblems.Firstof all, if aclosedcurveispro-
jectedprojectively, thentheprojectedcurvewill notbe
sampledin thesamewayastheoriginalcurve.Thisal-
readydistortstheFourierdescriptors.Secondly, going
throughtheequationswe found that in orderto solve
the projective pose estimationproblem via Fourier
descriptors,onehastoÞndanalyticsolutionstonthde-
greepolynomials.Sincethis is notpossiblein general,
we cannotfollow this approach.We thereforeinvesti-
gateda differentapproachfor the poseestimationof
projectedclosedcurves,whichwill bediscussedin the
following.

4. PoseEstimation in CGA

This section concerns the pose estimation prob-
lem. So far we have just formalized free-form en-
tities and their twist representation.Now we will
continue to formalize the 2DÐ3D pose estimation
problem.
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4.1. PoseEstimationin StratiÞedSpaces

To deÞnetheposeproblemwewantto quoteGrimson
(1990):

DeÞnition4.1. By pose,wemeanthetransformation
neededto mapanobjectmodelfrom its own inherent
coordinatesysteminto agreementwith the sensory
data.
Thus,poseestimationmeansto relateseveral coordi-
nateframesof measurementdataandmodeldataby
Þndingout the transformationbetweenthem.2D-3D
poseestimationmeansto estimatetherelativeposition
andorientationof a 3D object to a referencecamera
system.We already formalized our entities in the
conformalalgebrabecausewe want to formalize the
poseestimationproblemin theconformalspace.That
is, a kinematicallytransformedobjectentityhasto lie
ona projectivelyreconstructedimageentity. Let X be
an objectpoint given in CGA. The (unknown) trans-
formationof thepoint canbewritten asMX ÷M. Let x
beanimagepointonaprojectiveplane.Theprojective
reconstructionfromanimagepointin CGAcanbewrit-
tenasLx = e � O � x (Rosenhahn,2003).This leads
toareconstructedprojectionray, containingtheoptical
centerO of thecamera,seee.g.Fig.1, theimagepoint
x andthevectoreasthepointatinÞnity.NotethatO� x
formalizesthereconstructedrayin projectivegeometry
(Perwass and Hildenbrand, 2003). The expression
e� O� x representsthereconstructedrayin conformal
geometry(seeTable 1) and is thereforegiven in the
samelanguageaswe usefor our entitiesandmtwist
generatedcurves.

To expressthe incidenceof a transformedpoint
with areconstructedraywecanapplythecommutator
product, which expressescollinearity and directly
transforms the constraint equation in an equation
given in the Euclideanspace(seee.g., Rosenhahn,
2003for theproofs).Thus,theconstraintequationof
poseestimationfrom imagepointsreads

(M X
��
�

objectpoint

÷M)

� �
 �
rigid motionof
theobjectpoint

× e � (O � x��
�
imagepoint

)

� �
 �
projectionray,

reconstructedfrom the
imagepoint

� �
 �
collinearityof thetransformedobject

pointwith thereconstructedline

= 0,

(4.41)

Constraintequationsto relate2D imagelinesto 3D
objectpoints,or 2D imagelinesto 3D objectlines,can

alsobe expressedin a similar manner. Note that the
constraintequationsimplicitly representanEuclidean
distancemeasurewhich has to be zero. Such com-
pactequationssubsumethe poseestimationproblem
athand:ÞndthebestmotorM whichsatisÞesthecon-
straint.But in contrastto otherapproaches,wherethe
minimizationof errorshasto becomputeddirectly on
themanifoldof thegeometrictransformations(Chiuso
andPicci,1998;Ude,1999),in ourapproachadistance
in theEuclideanspaceconstitutestheerrormeasure.To
changeour constraintequationfrom theconformalto
theEuclideanspace,theequationsarerescaledwithout
loosinglinearitywithin ourunknowns.

The theoreticalfoundationsconcerningthe mathe-
maticalspacesinvolvedin theposeestimationproblem
andtheiralgebraiccouplingwithin geometricalgebras
is moredetailedexplainedin Rosenhahn(2003).

4.2. PoseEstimationof Twist GeneratedCurves

Now we cancontinueto combinethe twist generated
curveswith theposeestimationproblem:Weconsider
a 3D twist generatedcurve, like

X�
Z = M2

	 1� M1
	 2� X ÷M1

	 2�
÷M2

	 1� : 	 1, 	 2 � R,

� � [0, . . . , 2� ]. (4.42)

By substitutingthis expressionwithin our constraint
equationfor poseestimation,wegain



M



M2

	 1� M1
	 2� X ÷M1

	 2�
÷M2

	 1�

	
÷M
	

× (e � (O � x)) = 0. (4.43)

Sinceeveryaspectof the2DÐ3Dposeestimationprob-
lem of twist generatedcurves is formalizedin CGA,
theconstraintequationdescribingtheposeproblemis
compactandeasyto interpret:The inner parenthesis
on the left containsthe operationaldeÞnitionof the
twist generatedcurve. The outerparenthesiscontains
theunknown motor M, describingtherigid bodymo-
tion of the3D twist generatedcurve. This is thepose
we areinterestedin. Theexpressionis thencombined
via thecommutatorproductwith thereconstructedpro-
jection ray andhasto be zero.This describesthe co-
tangentialityof the transformedcurve to a projection
ray. The point x is a memberof a 2D contourin the
imageplane.

The unknowns are the six parametersof the rigid
motionM (threefor thelocationof theline, two for its
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Figure 10. Poseestimationof anobjectcontaininga cardioidand
two cycloids.

orientationandonerotationangle)andtheangle� for
eachpoint correspondence.An examplefor poseesti-
mationof twist generatedcurvesis shown in Fig. 10.
Theupperleft imageshows the3D objectmodel.The
otherimagesshow poseresultsof themodel.To visu-
alizethequality, thetransformedandprojectedobject
modelis overlaidin theimages.

4.3. PoseEstimationof Free-FormContours

So far we consideredcontinuous3D curvesasrepre-
sentingobjects.Now we assumea given closed,dis-
cretizied3D curve, that is a 3D contourC with 2N
sampledpointsin boththespatialandspectraldomain
with phasevectorspk of thecontour. We now replace
a Fourier seriesdevelopmentby the discreteFourier
transform.Then the interpolatedcontourcan be ex-
pressedin theEuclideanspaceas

C(� ) =
N�

k=Š N

R�
k pk

÷R
�
k . (4.44)

For each� doesC(� ) leadto a point in theEuclidean
space.WeÞrsthaveto transformthisexpressionin the
conformalspace.Then we can,similar to the previ-
oussection,substitutethisexpressionin theconstraint
equationsfor poseestimation.The transformationof
theFourierdescriptorsin theconformalspacecanbe
expressedas

e � (C(� ) + eŠ ) = e �

��
N�

k=Š N

R�
k pk

÷R
�
k

�

+ eŠ

�

.

(4.45)

The innermostparenthesiscontainsthe Fourier de-
scriptorsin the Euclideanspace.The next parenthe-
sis transformsthis expressionin the homogeneous
spaceandthenit is transformedto theconformalspace
(Rosenhahn,2003).Substitutingthisexpressionin the
poseconstraintequationleadsto

(M(e � (C(� ) + eŠ )) ÷M)× (e � (O � x)) = 0

�

�

M

�

e �

��
N�

k=Š N

R�
k pk

÷R
�
k

�

+ eŠ

��

÷M

�

× (e � (O � x)) = 0. (4.46)

Theinterpretationof this equationis alsosimple:The
innermostpartcontainsthesubstitutedFourierdescrip-
tors in theconformalspaceof Eq. (4.45).This is then
coupledwith theunknown rigid bodymotion(themo-
tor M) andcomparedwith a reconstructedprojection
ray, alsogivenin theconformalspace.

Note that twist generatedcurvesarein that respect
moregeneralthancontoursaswe assumecontoursas
closedcurves,whereastwist generatedcurves(seee.g.
a spiral) are in generalnot closed.This means,for
closedcurvescanFourierdescriptorsbeinterpretedas
generatorparametersof specialtwistgeneratedcurves,
but not vice versa.The main point is the couplingof
a spectralrepresentationof contourswithin the pose
estimationproblem.This is achieved in the previous
equationby usingaconformalembedding.

4.4. Estimationof PoseParameters

The main question is now, how to solve a set of
constraintequationsfor multiple (different) features
with respectto theunknown motor M. Sincea motor
mayberepresentedasa polynomialof inÞnitedegree
(see,e.g.,2.27 for the seriesexpressionof the expo-
nential function), this is a non-trivial task,especially
in the caseof real-time estimations.The idea is to
gainlinearequationswith respectto thegeneratorsof
the motor. We usethe exponentialrepresentationof
motorsandapply theTaylor seriesexpressionof Þrst
order for approximation. This correspondsto a
mapping of the above mentioned global motion
transformationto atwist representation,whichenables
incrementalchangesof pose.That means,we do not
searchfor the parametersof the Lie group SE(3) to
describethe rigid body motion (Gallier, 2001), but
for the parameterswhich generatetheir Lie algebra
se(3) (Murrayetal.,1994).Therefore,welinearizethe
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equations(whichmeanswegoto thetangentialspace,
theLie algebra)anditeratethesolutions.This results
in a gradientdescentmethod.The Euclideantrans-
formationof a point X = e � x = E + e � x caused
by the motor M is approximatedin the following
way:

MX ÷M = exp
�
Š

�
2

(l � + em� )
�

X exp
�

�
2

(l � + em� )
�

�
�

1 Š
�
2

(l � + em� )
�

(E + e � x)

×
�

1 +
�
2

(l � + em� )
�

� E + e(x Š � (l � · x) Š � m� ). (4.47)

Note,that (x Š � (l � · x) Š � m� ) yieldsa vectorin R3.
This means,E + e(x Š � (l � · x) Š � m� ) is again a
homogeneousrepresentationof a point in conformal
geometricalgebra.Sincefurtherholds

E + e(x Š � (l � · x) Š � m� )

= E + e � x Š e � (� (l � · x) + � m� )

= X Š e � (� (l � · x) + � m� ), (4.48)

it is nothingmore,thanthe point X andaddedis the
linearizedunknown rigid motion M actingon x.

Settingl := � l � andm := � m� resultsin

MX ÷M � E + e(x Š l · x Š m). (4.49)

By combiningthis approximationof the motion with
the previously derived constraints(e.g. the point-line
constraint)weget

0= MX ÷M× L

� 0= exp
�

Š
�
2

(l � + em� )
�

X

× exp
�

�
2

(l � + em� )
�

× L

� � 
 0= (E + e(x Š l · x Š m))× L. (4.50)

Becauseof the approximation(��
 ) the unknown
motion parametersl and m are linear. This equation
containssix unknown parametersof the rigid body
motion. Theseunknowns are the unknown twist pa-
rameters.The linearequationscanbesolvedfor a set
of correspondencesby applyinge.g.theHouseholder
method.Fromthesolutionof thesystemof equations,

themotionparametersR, t canberecoveredby evalu-
ating� := � l � , l � := l

� andm� := m
� andapplyingthe

Rodgriguesformula(Murrayetal., 1994).
Solvingtheseequations,wegetaÞrstapproximation

of the rigid body motion. Iteratingthis processleads
to a monotonousconvergenceto the actualposeand
only a few iterations(mostly5Ð8)aresufÞcientto get
a goodapproximatedposeresult.Thealgorithmitself
correspondsto a gradientdescendmethodappliedin
the3D space.Note that themonotonousconvergence
doessometimeslead to local minima. The aim is to
avoid suchlocal minima. Thereforewe uselow-pass
informationfor contourapproximation.

5. Experiments

In thissectionwepresentexperimentalresultsof free-
form contourbasedposeestimation.Thereforewewill
start with an introduction to the main algorithm for
poseestimationof free-formcontours.Thoughthenu-
merical estimationof the poseparametersis already
clariÞedin thelastsection,themainproblemis to de-
terminesuitedcorrespondencesbetween2Dimagefea-
turesandpointson the 3D modelcurve. Thereforea
versionof anICP-algorithmis presentedandcalledthe
increasingdegreemethod.Thenwewill continuewith
experimentson theconvergencebehavior of our algo-
rithm. Therearealsoshown stabilityexamplesfor dis-
tortedimagedata.Thealgorithmproofsasstableand
fast(real-timecapable)for ourscenarios.To dealwith
3D objectsand partially occludedaspectsof objects
duringtracking,we thenpresentamodiÞedversionof
our increasingdegreemethod.Therewe are able to
dealwith occlusionproblemsby usingsetsof Fourier
descriptorsto modelaspectsof the objectwithin our
scenario.

5.1. TheAlgorithmof PoseEstimation
for Free-FormContours

Theaimis to formulatea2DÐ3Dposeestimationalgo-
rithm for any kind of free-formcontour. Theassump-
tionswemakearethefollowing:

1. Theobjectmodelis givenasa setof 2N 3D points
f 3

j , spanningthe3D contour. Furtherweassumeto
know their phasecoefÞcientspk.

2. In an imageof a calibratedcamerawe observe the
objectin theimageplaneandextracta setof n 2D
pointsx2

j , spanningthe2D contour.
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Sincethenumberof contourpointsin theimageisoften
toohigh(e.g.800pointsin ourexperimentalscenario),
we usejust every 10thpoint andgetanequalsampled
setof contourimagepoints.

Note that we have no knowledgewhich 2D image
pointcorrespondstowhich3Dpointof theinterpolated
modelcontour. Furthermore,a direct correspondence
doesnotgenerallyexist.

Usingourapproachfor poseestimationof point-line
correspondences,thealgorithmfor free-formcontours
consistsof iteratingthefollowing steps:

(a) Reconstruct projection rays from
the image points.

(b) Estimate a nearest point on the
3D contour to each projection
ray.

(c) Estimate the pose of the contour
with the use of this correspon-
dence set.

(d) goto (b).

The idea is, that all imagecontourpointssimultane-
ouslypull on the3D contour. Thealgorithmitself cor-
respondsto the well-known ICP algorithm,e.g. dis-
cussedin Rusinkiewicz and Levoy (2001) and Zang
(1999). But whereasICP algorithmsare mostly ap-
plied on setsof 2D or 3D points,herewe apply it on
a trigonometricallyinterpolated3D functionandfrom
imagepointsreconstructed3D projectionrays.

Notethat this algorithmonly worksif we assumea
scenariowheretheobservationsin theimageplaneare
not too different.Thus,it is usefulfor trackingtasks.
For ourexperimentsweallow up to 25pixel deviation
betweentwo imagesof asequence.A projectionof the
usedobjectmodelfor ourÞrstexperimentsis shown in
Fig. 11.Thediscretepointsandthedifferentapproxi-
mationlevelsareshown.Themodelitselfconsistsof 90
contourpoints,is planarandhasthewidth andheight
of 24× 8 cm.Poseestimationresultsatdifferentitera-
tionsareshown in Fig.12.Thewhite2D contouris the

Figure 11. The different approximationlevels of the 3D object
contour.

Figure12. Poseresultsduringtheiteration.

transformedand projected3D object model overlaid
with theimage.

Using the Fourier coefÞcientsfor contourinterpo-
lation worksÞnebut thealgorithmcanbemademore
stableby usingalow-passapproximationfor poseesti-
mationandby addingsuccessively higherfrequencies
duringtheiteration.Thisisbasicallyamulti-resolution
method.We call this techniquethe increasingdegree
method.Thereforewe start the poseestimationpro-
cedurewith just a few Fourier coefÞcientsof the 3D
contourand estimatethe poseto a certaindegreeof
accuracy. Thenwe increasetheorderof usedFourier
coefÞcientsandproceedto estimatetheposewith the
reÞnedobject description.This is shown in Fig. 13.
In this experiment, the indicated iteration number
correspondsdirectly to the numberof usedFourier
coefÞcientsminusone. This meansthat we usetwo
Fourier coefÞcientsin the Þrst iteration,four Fourier
coefÞcientsin thethird iteration,etc.Iteration21 uses
22FouriercoefÞcientsandFig.13showsthattheresult

Figure 13. Poseresultsof thelow-passÞlteredcontourduringthe
iteration.
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Figure14. Differentposeresultsof thefree-formcontour.

Figure15. Computingtimesfor animagesequencecontaining500
images.

is nearlyperfect.Figure14 shows poseresultsduring
an imagesequencecontaining530 images.As canbe
seenalsoperspective views of the free-formcontour
canbeestimated.

Figure15 shows thecomputingtimesfor an image
sequencecontaining500images.Thecomputingtime
for eachimagevariesbetween20 msand55 ms.The
averagecomputingtime is 34 ms,which is equivalent
to 29 fps. Theseresultswereachieved with a 2 GHz
PentiumIV computer.

Many ideasto speedup the algorithmcanalsobe
found in Rusinkiewicz andLevoy (2001).We did not
improve thealgorithmyet.This is partof futurework.
Themainresultis that thealgorithmcanalsobeused
for real-timeapplicationsonstandardLinux machines.

Therobustnessof ouralgorithmwith respectto dis-
torted imagedatais shown in Fig. 16. In this image
sequence(containing450images)wedistorttheimage
contourby coveringpartsof thecontourwith a white
paper. This leadsto slight or moreextremeerrorsdur-
ing thecontourextractionin theimage.TheÞrstrow of
Fig.16showstheresultsobtainedwith anon-modiÞed
ICP-algorithm.SincewehavealreadyclariÞedthatthe

Figure16. Differentposeresultsfor distortedimagedata.TheÞrst
row showsresultsobtainedwith thenon-modiÞedICPalgorithm.The
secondrow showsposeresultsobtainedwith theoutlier-elimination
duringtheICP algorithm.

Figure17. Contourapproximationsof anotherplanarobjectmodel
andits convergencebehavior.

constraintequationsexpressageometricdistancemea-
surein the 3D space,it is easyto detectoutliersand
implementan algorithm which automaticallydetects
outliersandeliminatestheirequations.Someresultsof
themodiÞedalgorithmareshown in thesecondrow of
Fig. 16.We call this proceduretheoutlier-elimination
method.As canbeseen,theobtainedresultsaremuch
better. But indeed,theseexamplesgive just a guess
aboutthe stability of the proposedmethod.It is not
possibleto compensatetotally wrong extractedcon-
toursor toomuchmissinginformation.

Figures17Ð20presentresultsof otherobjectmodels:
Wecall theÞrstobjectmodelthecloudandthesecond
objectmodeltheedge. Figure17showsthe3Dcontour
approximationsin theleft imageandaconvergenceex-
amplein theotherimages.Figure18presentsresultsof
asequencecontaining700images.As canbeseenalso
strongperspective views, asin the lower right image,
canbeestimated.To comparethevisualobservableer-
ror (asa drawn contourin the image)with its real3D
posewe visualizein Fig. 18 therelative posein a vir-
tual environment.The real3D posematcheswith the
observationsin theimage.

Figure 19 shows approximationlevels of a non-
planar object model in three different perspective
views. This is an extreme example since the object
modelcontainsedges.Interpolationof a contourwith
Fourier descriptorsleadsto a trigonometricallyinter-
polatedfunction.Sotheedgesarealwayssmoothedand
severaldescriptors(weuse40)arerequiredto achieve
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Figure 18. Exampleimagesand 3D posestaken from an image
sequencecontaining700images.

Figure 19. Threeperspective views of a non-planarobjectmodel
andits approximations.

Figure 20. Exampleimagesfrom an imagesequencecontaining
500images.

anacceptableresult.Figure20presentsdifferentresults
from animagesequencecontaining500images.

Object contourswhich contain concavities are in
dangerto get trappedin local minima during using
the ICP-algorithmwith the gradientdescendmethod
for poseestimation.Thoughit is notalwayspossibleto
Þndtheglobalminimum(andthereforethebestpose),
usingcontourapproximationshelpstoavoid localmin-
ima.Thiseffect is achievedby usingÞrstlya low-pass
contourfor poseestimationand then a more reÞned
contourover theiterations.

Thelasttwo objectmodels(thecloudandtheedge)
containmorelocalminimathanourÞrstone.Therefore
weneedmoreFourierdescriptorstogainacceptablere-
sults.Thisindeedincreasesthecomputingtime.While
for theÞrstobjectmodeltheaveragecomputingtime

is 34ms,theaveragecomputingtimeof thecloudand
edgemodelare50 ms and70 ms, respectively. Note,
that the Fourier descriptorscan be estimatedofßine
beforethealgorithmstarts.

5.2. SimultaneousPoseEstimation
of Multiple Contours

In thelastexperimentsourobjectmodelis assumedas
one(closed)contour. But many 3D objectscanmore
easilyberepresentedbyasetof 3Dcontoursexpressing
thedifferentaspectsof theobject.In thissectionwewill
extendour objectmodelto a setof 3D contours.The
main problemhereis, how to dealwith occludedor
partially occludedcontourpartsof theobject.For our
Þrstexperimentwewill usetheobjectmodelwhichwe
alreadyusedin Figs.19 and20. We will interpretthe
modelasanobjectcontainingtwosidesandoneground
plate.Thismeanswegetasetof threeplanarcontours
to modeltheobject.Thethreecontoursaremergedto
oneobjectandperspectiveviewsareshown in Fig. 21.
The threecontoursareassumedasrigidly coupledto
eachother. This meansthat the poseof one contour
automaticallydeÞnestheposeof theothercontours.

Ouralgorithmto dealwith partiallyoccludedobject
partsis simpleandeffective:

Assumptions:
n 3D contours and one boundary
contour in the image dist(P,R) a
distance function between a 3D
point P and a 3D ray R.

Aim:
Estimate correspondences and pose

(a) Reconstruct projection rays from
the image points.

(b) For each projection ray R:
(c) For each 3D contour:

(c1) Estimate a nearest point
P1 on the 3D contour
to each projection ray R.

(c2) if (n==1) choose P1 as
actual P for the
point-line correspon-
dence

(c3) else compare P1 with P:
if dist(P1,R) is smaller

than dist(P,R) then
choose P1 as new P

(d) Use (P,R) as correspondence set.
(e) Estimate pose with this

correspondence set
(f) Transform contours, goto (b)
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Figure21. Threeperspectiveviewsof anobjectwhichisinterpreted
by a setof contours.The differentapproximationsof the contours
arealsodrawn.

The idea is to apply our ICP-algorithmnot to one
imagecontourand one 3D contour, but now to one
imagecontourandasetof 3D contours.

This implies: For eachextractedimagepoint must
exist onemodelcontourandonepointon thiscontour,
which correspondsto this imagepoint. Note, that the
reverseis in generalnotpossible.

Figure 22 visualizesthe problem of partially oc-
cludedcontourpoints.Theonly imageinformationwe
useis theobservedboundarycontourof theobject.By
usingapriori knowledge(e.g.assuminga trackingas-
sumption),the posecanbe recovereduniquely. This
means,our algorithmcaninfer thepositionof hidden
componentsfrom thevisiblecomponents.

The computingtime is proportionalto the number
of usedcontours.But wegainamoregeneralconcept,
sincewe arenot restrictedto onespecialview to the
object.Insteadwecandealwith aspectchangesof the
contourin anefÞcientmanner. This is demonstratedin

Figure 22. Poseresultsof an objectwith partially occludedcon-
tours.The left imageshows the original image.The middle image
shows theextractedsilhouette(from which theboundarycontouris
extracted)andthe right imagevisualizesthe poseresult.Note that
alsotheoccludedpartsof themodelaredrawn anduniquelydeter-
minedby thevisible parts.

Figure 23. Poseresultsof animagesequencecontainingdifferent
aspectchangesanddegeneratesituations.

Fig.23in caseof quitedifferentaspectsof a3D object.
The imagesare taken from an imagesequencecon-
taining325images.In this imagesequenceweput the
objecton a turn tableandmake a 360� degreeturn of
thewholeobject.Theaspectsof theobjectsarechang-
ing andhalf-sidemodelscannotbeusedany more,but
just thewholeobject.Our trackingalgorithmdoesnot
fail andis evenableto copewith degeneratesituations,
e.g. specialperspective views asshown in the lower
middleor lower left imageof Fig. 23.

In our next experiment,we use as object model
the shapeof a 3D tree.The contourapproximations
areshown in Fig. 24. As canbeseenin theclose-up,
here are also neededmany descriptors(around50)
to get a sufÞcientapproximationof the model.Pose
resultsof an imagesequencecontaining735 images
are shown in Fig. 25. The interestingpart of this
model,in contrastto thepreviousones,is not only its
complexity: This modelcontainstwo nestedcontours
and is therefore much more complicatedthan the
previousones.Becauseof its complexity (thenumber
of Fourier coefÞcientsand the nestedcontours)we
needa computingtime of 500 ms for eachimageon
a 2GHzLinux machine.

Figure24. Oneperspective, frontalandtopview with approxima-
tionsof thetreemodel.Thecloseupvisualizesthecomplexity of the
objectmodel.
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Figure25. Poseresultsof thetreemodelduringanimagesequence.

Figure26. Imageprocessingstepsandposeresultsof acupmodel
duringanimagesequence.

Thenext experiment,seeFig.26,presentsresultsof
a tracked cup during an imagesequence.The cup is
modeledby threecontoursof thecupandsincethecup
is movedby a humanhand,theextractedsilhouetteis
noisyandtheoutliereliminationmethodexplainedpre-
viouslyhasto beappliedadditionally. Figure26shows
two processedimageswith theirprocessingsteps:The
Þrstimagein eachrow shows theoriginal image.The
secondimagein eachrow shows theextractedsilhou-
ette,from whichtheboundarycontouris extracted.As
canbeseen,thehandleadstoremarkableoutliersin the
correspondenceset,which will bedetectedandelim-
inated.The last imageshows theposeresultafter the
outlier eliminationandthe ICP-algorithm.As canbe
seen,the poseresult is accurateand it is possibleto
dealwith multiple contourscombinedwith anoutlier
eliminationduringimagesequences.

From the last experimentsresultsthe possibility to
modelcomplex objectswith contoursrepresentingdif-
ferentaspectsof theobjectandto fusethesewithin our
scenario.

6. Discussion

This work dealswith theproblemof 2DÐ3Dposees-
timation of 3D free-form contours.We assumethe

knowledge of a 3D object, which containsone or
morecontoursmodelingtheaspectsof theobject.Fur-
thermorewe assumea calibratedcameraandobserve
the silhouetteof the object in the camera.The aim
is to estimatethe pose (rotor R and translatorT),
which leadsto a bestÞt betweenimageand model
data.The Þrst topic we concernis the modelingof
3D free-formcontours.Therefore,we startwith alge-
braic curves (the cycloidal curves) and model them
by coupledtwists. We then derive the connectionof
twist-generatedcurves with Fourier descriptorsand
explain how to estimate3D closedcontoursby us-
ing 3D Fourier descriptors.In contrastto an explicit
or implicit deÞnitionof algebraiccurves,we propose
anoperationaldeÞnitionwhichkeepsgeometrictrans-
parency and Þts within the scenarioof poseestima-
tion in aconformalmanner. Thesecondtopicwecon-
cernis thecouplingof thiscurverepresentationwithin
the2DÐ3Dposeestimationproblem.Thereforeweuse
theconformalgeometricalgebra,which containsalso
Euclideanand projective geometryas sub-algebras.
This representationis usedto comparethe3D contour
with (fromimagepoints)reconstructedprojectionrays.
This leadsto constraintequations,whicharesolvedby
using a gradientdescendmethod,combinedwith an
ICP-algorithm.Theformulasarecompactandeasyto
interpret.

The last sectionpresentsexperimentswhich show
theefÞciency of our algorithmon differentimagese-
quenceswith different object models (planar, non-
planar, curved,angularetc.).We discussthebehavior
of our algorithmwith respectto boundarydistortions
andthecomplexity of objectmodels.Besides,we in-
vestigatethetime performance.Furthermore,we deal
with partiallyoccludedobjectfeaturesandnestedcon-
tours.UsingFourierdescriptorsallowsusto dealwith
low-passinformationof contoursandthereforeto sta-
bilizethealgorithms.Ouralgorithmsproveasreal-time
capable,efÞcientandrobust.

Note

1. Suchanoperationisalsocalledageneralrotationgeneral rotation.
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