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Abstract. Inthisarticlewe discusghe2D-3D poseestimatiorproblemof 3D free-formcontoursin ourscenario
we obsenre objectsof ary 3D shapein animageof a calibratedcamera Poseestimationmeansto estimatethe
relative positionandorientation(containingarotationR andtranslationT ) of the3D objectto thereference&eamera
system.The fusion of modelingfree-form contourswithin the poseestimationproblemis achieved by usingthe
conformalgeometricalgebra.The conformalgeometricalgebrais a geometricalgebrawhich modelsentitiesas
stereographicallyprojectedentitiesin a homogeneoumodel. This leadsto a linear descriptionof kinematicson
theonehandandprojective geometryon the otherhand.To modelfree-formcontoursin the conformalframevork
we usetwiststo modelcycloidal curvesastwist-dependindgunctionsandinterpretn-timesnestedwist generated
curnwesasfunctionsgeneratedby 3D Fourier descriptorsThis meanswe usethetwist conceptto apply a spectral
domainrepresentatioonf 3D contourswithin the poseestimationproblem.We will shawv thattwist representations
of objectscanbe numericallyefbcientand easily be appliedto the poseestimationproblem.The poseproblem
itself is formalizedasimplicit problemandwe gain constraintequationswhich have to be fulblled with respect
to theunknawn rigid body motion. Several experimentsvisualizethe robustnessandreal-timeperformancef our
algorithms.
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1. Intr oduction

This contribution concernghe 2D-3D poseestimation
problemof 3D free-formcontours Poseestimationit-

selfis oneof the oldestcomputervision problemsand
algebraicsolutionswith differentcameramodelshave
beenproposedor several variationsof this problem.
Pioneeringvork wasdonein the808and908by Lowe

(1980,1987)andGrimson(1990)andothers.In their
work pointcorrespondenceseused Moreabstracen-
tities canbefoundin Klingspohretal. (1997),Zerroug
andNevatia(1996),Kriegmanetal. (1992)andBregler
andMalik (1998).Discussecntitiesarecircles,cylin-
ders,kinematicchainsor other multi-part curved ob-
jects.Worksconcernindree-formcurvescanbefound
in Drummondand Cipolla (2000) and Stark (1996).



268 RosenhahrPerwassand Sommer

In theirwork contourpointsets afPnesnalesor active
contourareusedor visualserwing. Theinvestigation
of higherordercurvesin computewisionproblemshas
beenincreasingsteadilyduring the recentyears.See
e.g.,Kaminskietal. (2001)in the context of 3D curve
reconstructiorirom multiple views.

An overview of free-formobjectrepresentations
givenin CampbellandFlynn (2001).In thiswork sev-
eralmathematicalormsarediscussede.g.parametric
forms,algebraidmplicit surfacessuperquadricgen-
eralizedcylindersor polygonalmeshes.

Thereexist two main stratgjiesto dealwith object
models: Firstly, the object can be representecby
characteristicobject features(like edgesor corners,
etc.) and then be appliedto different problems(e.g.
pose estimation, object recognition). Secondly the
object can be modeled as itself, e.g. in form of
an implicit or parametriccontour or surface. The
main propertiesof thesestratgjies are clear: If we
assumescenarioxontainingeasyobjectswith easily
extractablecorneror edgefeatures(e.qg. buildings or
artibcial objects),thereis no needto complicatethe
situation by using fully parameterizednodels. But
especiallyin naturalervironmentswith curvedshapes
and surfaces, feature extraction and matchingis a
problem. Then thereis needto deal with an object
asa whole, or asone single entity, respectiely. We
wantto dealwith objectsof generalshapewhich we
call free-form objectsas a generalclassof entities.
For adebnitionof free-formobjects we wantto quote
Bes!(1990):

Debnitionl.1. A free-formsurfacehasawell debPned
surfacethatis continuousalmosteverywhereexceptat
vertices,edgesandcusps.

Sculpturescar bodies,ship hulls, air planes,human
facesor organsare typical examplesfor free-form
objects.

Themainproblemwe concernis the algebraiccou-
pling of free-form contourswith the poseestimation
problem.Thereforewe useaslink betweerthesedif-
ferenttopicsthe twist representationTwists are rep-
resentingrigid body motions in the framevork of
Lie algebras(Gallier, 2001). They are specibedin
Section2.2. In this work we will usetwists twofold,
on the one handwithin our poseestimationproblem
asrepresentationsf rigid body motionsand on the
otherhandto modelthe objectcontoursasorbitsgen-
eratedrom asetof parameterizedperatorgor general

rotations.This unibcationof representationsnables
a compactdescriptionof the poseestimationproblem
for free-formcontoursin animplicit mannery using
constraintequationsyhich have to befulblled.

ThelCP (lterative ClosesPoint)algorithmsarewell
known for aligning 3D objectmodels.Originally ICP
startswith two datasets(of points)andaninitial guess
for theirrigid bodymotion. Thenthetransformatioris
rePnedby repeatedlygeneratingpairsof correspond-
ing pointsof the setsandminimizing an error metric.
The ICP algorithmsare mostly appliedon 2D or 3D
point sets.Insteadwe will lateruseit for comparison
of a trigonometricallyinterpolatedfunction with re-
constructegrojectionrays. Differentworks concern-
ing ICP algorithmscanbe foundin Rusinkievicz and
Levoy (2001),Czopfetal. (1999),HuberandHebert
(2001)andZang(1999).

To solwe the poseestimationproblemof free-form
contourswe will startwith the poseestimationprob-
lem for entitieslik e points,linesandplanes.Thenwe
will continuewith cycloidal curvesasaspecialcaseof
algebraiccurves.In generala cycloidal curve is gen-
eratedby a circle rolling on a circle or a line without
slipping(Lee,2002). Wewill useatwistrepresentation
to modelthesecurves(they arelater called3D 2twist
generatecturves) and generalizethemto 3D ntwist
generatedurves.As shovn later, speciaBD twistgen-
eratectunesarestronglyconnectedo Fourierdescrip-
tors (Arbter, 1989,1990; Granlund,1972)asspectral
representationf a contour Fourierdescriptorsareof-
tenusedfor objectrecognitionbut arehardto connect
with the2D-3D poseestimatiorproblemfor afull per
spectve cameramodel.In thiswork we overcomethis
problemby applyingFourierdescriptorsn akinematic
formalizationof theposeproblem.Thisrepresentation
canthenbeusedo modela3D trigonometricallyinter-
polatedcurve of a3D contour Therepresentatioof an
objectshapéy usingtwistsis compactndtransforma-
tionsof theobjectcanbeestimatequstby transforming
thegeneratorsf theentity. Furthermoreinsteadf es-
timating the posefor awhole 3D contour we areable
to usealow-passversionof the contourasanapproxi-
mation,leadingto a speedup of thealgorithm.

Thepapetis organizedasfollows: We will startwith
our preliminaryworksin which we generated setof
basisentitieswhich canbe usedto modelobjectsfor
poseestimation.Thenwe continuewith cycloidal and
twist generateccurves andend up in free-formcon-
toursastrigonometricallyinterpolatedunctions Aim-
ing atrigonometricinterpolationcanbeinterpretedas



constrainsuperpositiorof orbitsgeneratedby a setof

coupledwistswe usefor our poseestimatiorscenario.
The relation of twist generatecturves and free-form
contourss derivedin Section3. Thecontributionends
with experimenton poseestimatiorof free-formcon-
toursandsomeextensions.

1.1. PreliminaryWork

Our recent work (Rosenhahnet al., 2000, 2002,
2003) can be summarized in the scenario of
Fig. 1.

In thesepreliminaryworks,weassumeasobjectfea-
tures3D points, 3D lines, 3D spheres3D circlesor
kinematic chain segmentsof a referencemodel (see
Fig. 2 for an example).Further we assumeextracted
correspondingeaturesn animageof acalibrateccam-
era.Theaimis to Pndtherotation R andtranslationt
of theobject,which leadto thebestptof thereference
model with the actually extractedentities. To relate
2D imageinformationto 3D entitieswe interpretan
extractedimageentity, resultingfrom the perspectie
projection,as a one dimensionhigher entity, gained
throughprojective reconstructiorfrom the imageen-
tity. Thisideawill beusedto formulatethescenaricas
apurekinematicproblem.As mentionedoefore there
exist mary scenarioge.g.in naturalervironments)in
which it is not possibleto extract point-like features

Figurel. ThescenarioTheassumptionaretheprojectve camera
model, the model of the object(consistingof points, lines, circles
and kinematicchains)and correspondingxtractedentitieson the
imageplane.Theaimis to Pndthe pose(R, t) of the model,which
leadsto the bestbt of the objectwith the actuallyextractedentities.
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Figure 2. Poseestimationby using differenttypesof correspon-
dences.

ascornersor wedges.Thenthereis needto deale.g.

with the silhouetteof the objectasa whole entity in-

steadf sparsdocalfeatureonthesilhouetteBesides,
thereexist 3D objectswhich cannotberepresentedd-

equatelyby primitive objectfeaturesas points, lines

or circles. Thesearethe scenariosve addressn this

contrikution. Additionally we arguethatfrom a statis-
tical point of view, poseestimationsof global object
descriptionsare more accurateand robust thanthose
from asparsesetof local features.

1.2. Algebraic Curves

This sectiongivesabrief summaryof algebraiccurves
(Lee, 2002). There exist mary ways of debningal-
gebraic curves. They can be debnedas parametric
or algebraicimplicit forms or polynomial equations
(CampbellandFlynn, 2001).For examplea coniccan
be debnedasthe setof intersectiorpointsof two pro-
jectively relatedpencilsof lines(HesteneandZiegler,
1991).1t is alsopossibleto dePnea conicasintersec-
tion of a conewith a plane.Parametric,cartesianor
polar equationof a cune leadto quite differentrep-
resentationsk.g., the parametricequationof a plane
cardioidis

(x,y) = (a(2cost) S cos(2)), a(sin(t) S sin(2)),
(1.1)

acartesiarequations

(X2 + y? S 2ax)? = 4a%(x> + y?) (1.2)
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andthepolarequationis

r = 2a(l+ cos()). (1.3)
Theresultingquestionis: Which representationf an
algebraiccurve is well suitedwithin the poseestima-
tion problem?As mentionedbefore,we want to use
conceptswhich arealreadyelementof the kinematic
framework we usefor the poseproblem.Thereforewe
preferto describealgebraiccurvesasorbits of a twist
generatedunction. The secondamgumentfor using
twists consistsin their compactrepresentatiomvithin
theposeproblemto gainsmallandeasilyinterpretable
equationsMore detailedinformationaboutalgebraic
curnvescanalsobe foundin OOConnaoand Robertson
(2002).

Here we will concentrateon a subclassof the
roulettesthecycloidalcurveswhicharecirclesrolling
oncirclesor lines.Figure3 shavs asubtreeof thefam-
ily of algebraiccurves.Cycloidalcurvescanbedistin-
guishedbetweerepitrochoidshypotrochoidsandtro-
choidswhich splitto othersubclasseszigure3 shavs
examplesof thesecurves.

Sincea circle canbeinterpretedasa point rotating
aroundaline in thespaceacirclerolling onacircleis
nothing morethana point rotatingaroundtwo twists
in abxedanddependenmanner

Thecurvesaredistinguishedy therelative position
of the twists with respectto the startingpoint on the
curve andthe frequeng of the twists. We will now
continueto explain somecurvesmoredetailed:

epitrochoids

(circle rolling outside a circle)

/circle\

epicycloid roses

(tracing point on circle) /

cardioid nephroid

OO 0% $ o400

Figure3. Treeof algebraiccurves.
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circle trifolium quadrifolium ellipse deltoid astroid cardioid nephroid line

1. A cardioid canbedebPnedsthetraceof apointon
acircle thatrolls arounda bPxed circle of the same
sizewithout slipping. Cardioidsare doublegener
ated whichmeansthatacardioidis both,anepicy-
cloid anda hypogycloid, sinceit canbe generated
in two differentways. Cardioidswere e.g. studied
by Roemen(1674).

2. A nephpid canbe debPnedasthe traceof a point
Pxed on a circle of radius %r that rolls arounda
Pxed circle with radiusr. Nephroidsarealsodou-
ble generatedThey were studiedby Huygensand
Tschirnhauseabout1679.

3. A roseis debnedas a cune of epi/hypogcloids
with respecto its center The curve hasloopsthat
aresymmetricallydistributedaroundthe pole The
loopsarecalledpetalsor leafs. They werestudied
by GuidoGrandiaround1723.

4. An ellipse is commonly debnedas the locus of
points P suchthat the sum of the distancesfrom
P to two bxed points F1, F, (calledfoci) arecon-
stant. The ellipsesseemto have beendiscovered
by Menaechmuga Greek,c.375-325BC), tutor to
Alexanderthe Great.

5. A deltoidcanbedebnedsthetraceof apointona
circle, rolling insideanothercircle 3 or g timesas
largein radius.Deltoidswereconcevedby Eulerin
1745in connectiorwith a studyof causticurves.

6. Anastoidisdebnedsthetraceof apointonacircle
of radiusr rolling insidea bxedcircle of radius4r
or %r. The cycloidal curves,including the astroid,
werealsodiscoreredby Roemern(1674).

roulettes

(Curve rolling on curve)

cycloidal curves

(Circle rolling on circle/line) \

hypotrochoids
(circle rolling inside a circle)

trochoids
(circle rolling on a line)

/\

prolate/curtate
cycloid

hypocycloid
| \ ™~

Y'Y



7. AtrochoidisdebPnedsthetraceof apointbxedona
circlethatrollsalongaline. Thiscurvweis sometimes
called,thetraceof a bike valve

Indeedit is possibleto generalizecycloidal curves
to e.g.circlesrolling on circles/lineswhich areagain
rolling oncircles/linesThis generalizatiorof n nested
rolling circlesis later achieved with ntwist generated
curves. Sincethesecurves can be interpretedas the
sumof n phasevectorswewill latershav theconnec-
tion of ntwist generateaturvesto Fourierdescriptors,
well known from signaltheory SinceFourierdescrip-
torscanbe usedto trigonometricallyinterpolatefunc-
tions,wehavethenthedirectlink to usetwistgenerated
curvesfor ary free-formcontour

Thesecurvesaremostlydebnedn the2D plane.For
our scenarioof poseestimationwe will extendthese
cunesto 2D or 3D curvesin the3D space.

2. Curvesin Conformal Geometric Algebra

This sectionconcernsthe formalization of cycloidal

cunesin conformalgeometricalgebraGeometrical-

gebrasarethe languagewne usefor our poseproblem.
Themainagumentgor usingthislanguagen thiscon-
text areits densesymbolicrepresentatioandits cou-
pling of projectve andkinematicgeometryOnemain
problemfor 2DB3Dposeestimationare the involved
mathematicabpaceswvhich are elementf the strat-
iPcationhierarchyproposedby Faugerag1995).0n

the onehandwe areinterestedn estimatinga special
afenetransformatior(arigid bodymotion)andonthe
otherhandwe obsenre objectsin animageandthere-
fore have to dealwith projectve geometry To over-

comethis problemwe useaconformalembeddingand
sowe areableto dealwith Euclidean projectve and
kinematicgeometryin onelanguageWe will Prstin-

troducethe basicnotationof conformalgeometrical-

gebraandthe modelingof entitiesandtheir kinematic
transformationsWe make useof it to modelcycloidal
cunesin the 3D space Modeling cycloidal curvesis

alsopossiblein afbnegeometry but in the next sec-
tion we thencombinethis formalizationwith our pose
estimationproblemand then thereis needfor using
conformal geometry: The image entities are projec-
tively reconstructetb e.g.projectionraysandarethen
transformedo conformalines(Pluckerlines(Roonsy,

1978)).Sotheprojective aspecbf the poseproblemis

transformedo akinematiconeandthencombinedwith

the kinematicdescriptionof the cycloidal curves.
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This sectiongivesonly a brief introductionto geo-
metric algebrasThe readershouldconsult(Hestenes
and Sobczyk, 1984; Sommer 2001; Perwass and
Hildenbrand,2003; Rosenhahn2003)for a morede-
tailedintroduction.

2.1. Introductionto ConformalGeometricAlgebra

In this sectionwe introducethe main propertiesof the
conformalgeometricalgebra(CGA) (Li etal., 2001).
Theaimis to clarify thenotations.

In general,a geometricalgebraGp 4 (P,  No)
is alinear spaceof dimension2", n = p + g, with a
subspacstructuregalledbladestorepresenso-called
multivectorsashigherorderalgebraicentitiesin com-
parisonto vectorsof a vectorspaceaspbrstorderenti-
ties.A geometricalgebraG, o resultsin aconstructve
way from a vectorspaceRP9, endaved with the sig-
nature(p, q),n = p+ q, by applicationof ageometric
product.Thegeometrigproductof two multivectorsA
andB is denotedas AB.

To be moredetailed,let g andej(e, e; RPY) be
two orthonormabasisvectorsof thevectorspaceThen
thegeometrigroductor theserectorsofthegeometric
algebraG, q is debPnedas

1 R fori=j {1,...,p}
S§1 R fori=j {p+1,...,
eej= _ (2.4)
p+q=n}
e fori = j.

The geometricproductof the sametwo basisvectors
leadsto ascalarwhereaghegeometrigoroductof two
differentbasisvectorsleadsto a new entity, which is
calledabivector. Thisbivectorrepresentthesubspace,
spannedy thesetwo vectors.

Geometricalgebraganbeexpresseanthebasisof
gradedelementsScalarsareof gradezero,vectorsof
gradeone,bivectorsof gradetwo, etc.A linearcombi-
nationof elementsf differentgradess calleda mul-
tivectorM andcanbeexpresseas

n
M = M,
i=0

(2.5)

wheretheoperator: s denotegheprojectionof agen-
eralmultivectorto theentitiesof grades. A multivector
of gradei is calledani -bladeif it canbewrittenasthe
outer productof i vectors.A blade A of gradei is
sometimesvrittenasA; .
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Theinner () andouter( ) productof two vectors
uv Gpgq1 RP9aredebneds
1
u-v:= E(uv + vu), (2.6)
1 N
u v:= E(uv S vu). (2.7)
Here = u-v Risascalarwhichis of gradezero,
i.e. Gp,q 0. BesidesB = u  visabivector i.e.

B  Gyq 2. Note,thatfor basisvectorse, e Gy,
withi = j thefollowing propertieshold,

eg qz =g-= 1
€€ = §
& a=0=¢g"¢.
To enlightenthe rules of the geometricproduct,the

geometricproductof two 3D vectorsu,v. = Ggp is
calculatedasanexample:

uv = (Ui + Uz€r + U3e3)(V1€1 + Vo€ + V363)
uiei(vier + Vo€ + V3es) + Uzep(Vi€ + V2&
+V363) + U3€s(V1€1 + V26 + V3€s)

UVi + UpVa + UgVa + (Ugv2 S Uavi)ers
+(U3Vy S Urv)ess + (Upvs S Ugvo)ens
=u-v+u v (2.8)

Thusthe geometricproductof two vectorsleadsto a
scalarepresentingheinnerproductof thetwo vectors
(correspondingo the scalarproductof thesevectors
in matrix calculus),andto a bivectorrepresentinghe
outer productof two vectors.As extensionthe inner
productof ar-bladeu; - -+ u, with as-bladev,

Vs canbedebnedecursvely as

(Ur o U)o (va e V)
(g - -+ u)-vr)-(va - -+ V)
B ifr s 2.9)
U D) (U (Ve s e V)
ifr <s,
with
U ... u)vp
= G%u ... us (U-v)
i=1
Ui+1 ... U, (2.10)

U (V1 ... Vg)

S
— & 1)S1 -
= (Sl)l Vi ... Vjs1
i=1
Vi+1 VS'

(ur -vy)
(2.11)

The following example illustratesthe inner product
rule.Lete;, e,  Ggyo, then
e-(&1 &)= (e-e) &@Se (a-&)= e

The bladesof highestgrade are n-blades,called
pseudoscala Pseudoscalardiffer from eachother
by anonzeroscalaronly. For non-dgyenerategeomet-
ric algebrasthereexist two unit n-blades,called the
unit pseudoscalag+ | .

Thedual X of ar-bladeX is debnedhs

X = XIS, (2.12)
Thedualof ar-bladeisa(n S r)-blade.

ThereverseAs of as-bladeAs = a; --- agis

debnedasthereverseouterproductof thevectorsa;,

As=(ar a - -+ as1 ag)
(2.13)

ds as31 - -+ az ai.

For later usewe introducethe commutatorx and
anti-commutatok productsyespectiely, for any two
multivectors,

1 1
AB= S(AB+ BA)+ S(ABS BA)

= : AxB+ AxB. (2.14)
We usethe conformalgeometricalgebra (Li etal.,
2001) to model the geometry of our scenariofor
free-formposeestimation Theideabehindconformal
geometryis to interpret points as steleagraphically
projected points. Simply speakinga stereographic
projection is one way to make a Rat map of the
earth. Taking the earth as a 3D sphere,ary map
mustdistort shapeor sizesto somedegree.Therule
for a stereographigrojection has a nice geometric
descriptionandis visualizedfor the 1D casein Fig. 4:
Think of the earthasatransparenspherejntersected
ontheequatoby anequatorialplane Now imaginea
light bulb atthenorth polen, which shineghroughthe
sphereEachpointonthespherecastsashadev onthe
paperandthatis whereit is dravn onthemap.Before
introducingaformalizationin termsof geometricalge-
bra,wewantto repeathebasicformulasfor projecting



Figure 4. Visualizationof a stereographicallyrojectionfor the
1D casePointsonthelinesareprojectedonthecircle. Notethatthe
point atinPnity projectsto the north pole n, andthe origin projects
to thesouthpoles.

pointson the (hyper) planeonto the sphereandvice
versa,e.g.givenin Needham(1997).To simplify the
calculationswe will restrictoursehesto thel-D case,
asshowvn in Fig. 4. We assumeéwo orthonormabasis
vectors{e;, e;} and assumethe radius of the circle
as = 1. Notethate, is anadditionalvectorto the
one-dimensionalectorspaceg; with € = € = 1.

Toprojectapointx = ae; + be, onthesphereonto
thee-axis,theinterceptiortheoremsanbeappliedto
obtain

e + Oe,. (2.15)

a
1S b

To projectapointxe; (x R) ontothecircle we have

to estimatethe appropriatefactorsa, b [0, ..., 1].
Thevectorx canbeexpresseds
X = ae; + be,
2 x2S 1
v 191+ T 1&, (2.16)

andusinga homogeneousoordinatees this leadsto
a doublehomogeneousepresentatiof the point on
thecircleas

1,4 1
X = Xep+ E(xzs le, + E(x2+ les. (2.17)
Thevectorx is mappedo
X X = ae + be, + es. (2.18)

WedePnee; to have anegative signatureandtherefore
replacee; with es, wherebye% = S 1. This hasthe
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advantagethat in addition to using a homogeneous
representatiorof points, we are also working in a
Minkowski spaceEuclideanpoints,stereographically
projectedontothecirclein Fig. 4, arethenrepresented
by the setof null vectorsin our new spaceThus,we
have themapping

X X = ae + be, + es, (2.19)

with

(x)’=a?+b*S1=0 (2.20)
since(a, b) arethecoordinatesf apointontheunitcir-
cle.Eachpointin Euclidearspaceésin factrepresented
by aline of null vectorsin the new spacethe scaled
versionsof the null vectoron theunit circle. Notethat
theuseof null elementss alsocommonin otheralge-
brase.g.thefamouglualquaterniongBlaschle,1960)
orthemotoralgebraBayro-Corrochannetal.,2000).
But insteadof usinganelementwhich squarego zero,
herea Minkowski spacds usedto modelnull vectors.
Oneadwantageof thisembeddingds theexistenceof an
inversepseudoscalamwhich is importantto compute
intersectiondbetweerentities.Suchoperationsarenot
sosimplein thedualquaternionsr themotoralgebra.

In Li etal. (2001)it is shovn that the conformal
groupof n-dimensionaEuclidearspaceR" is isomor
phic to the Lorentzgroupof R™ %1, Furthermorethe
geometricalgebraGp. 1,1 of R™ %1 hasaspinorrepre-
sentatiorof the Lorentzgroup.Therefore arny confor
mal transformatiorof n-dimensionaEuclideanspace
is representetly a spinorin Gy 1,1, theconformalge-
ometricalgebraFigure5 visualizesthe homogeneous
modelfor stereographiprojectionsfor the 1D case.

Substituting the expressionsfor a and b from
Eqg.(2.16)into Eq.(2.19),we get

1 N 1
X = Xep + E(XZS le + §(X2+ les. (2.21)

This homogeneousepresentatiorof a point is used
aspointrepresentatiom the conformalgeometrical-

gebraWewill shav thisin the next section.Notethat
thestereographiprojectionleadso pointsonasphere.
Thereforewe canuse(specialyotationsonthissphere
tomodele.g.translation®rrigid bodymotionsascou-
pledrotationsandtranslationsSincewe alsousea ho-

mogeneougmbeddingwe have furthermorethe pos-
sibility to modelprojective geometry
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Figure 5. Visualizationof the homogeneousnodel for stereo-
graphicprojectionsfor the 1D case All stereographicallprojected
pointsareon a cone,which is a null-conein the Minkowski space.
Notethatin comparisorio Fig. 4, thecoordinateaxesarerotatedand
perspectiely drawvn.

To introduce the conformal geometric algebra
(CGA) we follow Li etal. (2001) and startwith the
MinkowskiplaneR?, which hasanorthonormabasis
{e:, es}, debneddy the properties

€ =1€=S1 and e -es=0. (2.22)

A null basiscannow beintroducedby thevectors
1 .

€ = E(egSa) and e:= es + e, (2.23)

with €5 = €? = 0. Thevectore, canbeinterpretedas
theorigin, andthe vectore asa point atinpnity. Note
thatthisis in consisteng with Fig. 5: ey corresponds
to thesouthpoles ande correspondso thenorthpole
n in homogeneousoordinatesFurthermoreve depbne
Ei=e =& es.

In the caseof working in an n-dimensionalvector
spaceR" we couplean additionalvector spaceR*?,
whichdebnesnull spacgogainR" R = R™LL,
From that vector spacewe canderive the conformal
geometricalgebra(CGA) G 1,1 aslinearspaceof di-
mension2™ 2. For the 3-dimensionalectorspaceR®
we gainGy 1, which contains?® = 32 elementof dif-
ferentstructure We further denotethe conformalunit
pseudoscalaas

lc = e.5123= Eepz= ElEg. (2.24)
Thealgebrass; ; andGg o aresuitedto representhe
projectveandEuclidearspacetespectiely (Hestenes,
1994;HestenesandZiegler, 1991).Since
Gs1  Gsi

Gs.o, (2.25)

both algebrasfor the projectve and Euclideanspace
constitutesubspacesf the linear spaceof the CGA.
It is possibleto use operatorsto relate the different
algebrasand to guaranteghe mappingbetweenthe
algebraicproperties(Rosenhahn2003; Perwassand
Hildenbrand,2003). This relationis also interesting
sinceit builds anotheistratipcatiorhierarchy contain-
ing the Euclidean projective andconformalspacejn
contrasto Faugeras€ratibcatiomierarchy(Faugeras,
1995),containingthe Euclidean afeneandprojective
space.

The basisentities of the 3D conformal spaceare
spheress, debnedby the centerp andthe radius ,
s= p+ 3(p?’S ?)e+ e. Apointx = X+ 1x%e+ e is
nothingelsebutadegeneratspherewith radius = 0,
which caneasilybe seenfrom the representationf a
sphereEvaluatingx leadsto

12
5:x+§xe+eo

1 1 -
X+ Exz(a tes)t S(esSe)
1,.1
+ —=Xx°S = +
X 2X > e

lx2+l .
2 &

5 (2.26)

This is exactly the homogeneousepresentatiof a
stereographicallprojectedpoint, givenin (2.21).The
basisvectors{e, ey} only allow for a more compact
representationf vectorsthanwhenusing{e; , es}.

A pointx is onaspheres iff x - s = 0. As shavn
in Rosenhahr{2003), afPne points, lines and planes
canbeexpresseasX = e x,L = e a band
P =e a b c Butsinceweonly work with the
entitiesin their dual representationye neglectthe -
signin thefurtherformulas.Theentitiesandtheir dual
representatioaresummarizedn Tablel. Thistableis
takenfrom Rosenhahif2003)andLi etal. (2001).

In this work we do not useall propertieswhich are
offeredbytheconformalgeometrialgebraThereisno
needfor usto estimatee.g.inversionsor otherconfor
mal mappingswhich canbe estimatedn conformal
geometricalgebra(Pervassand Hildenbrand,2003).
Thepropertiesve needaretheintrinsicrelationof pro-
jective andconformalgeometryandthe possibility to
expresgrigid motionsin alinearmanner

2.2. TwistsasGeneators of Rigid
BodyMotionin CGA

This sectionconcernghe modelingof rigid body mo-
tion in conformalgeometricalgebralt is well known,
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Table 1. Theentitiesandtheirdualrepresentations CGA.

Entity Representation G. Dualrepresentation G.
Sphere s=p+ 3(p?S Yete 1 s=a b cd 4
Point X=X+ $x%e+ g 1 x = (SExS ix%e+ e)lg 4
Plane P=nlgSde P=e a b c 4
n=(@Sh) (@Sc
d=(@ b o)l
Line L=rlg+emlg 2 L=e ab 3
r=aShb
m=a b
Circle z=51 %2 2 z=a b c 3
P,=2e L,=2 e
72
_pz=BZ L, _@
PointPair PP=s, s, s3 3 PP =a bX=e x 2

thata rigid motion of anobjectis a continuousmove-

mentof theparticlesn theobjectsuchthatthedistance
betweenary two particlesremainsbxed at all times
(Murray etal., 1994).A rigid motionis constitutecby

arotationR andatranslationT . In CGA bothopera-
tionscanbeexpressedn alinearmannerandthey can
alsobe appliedto differententities(e.g. points,lines,

circles,spheresjn thesamemannerRotationsn G4 1

arerepresentedy rotors,

R

I
o
8
n
=

k=0

cos 5 Slsin 5 (2.27)
The component®f therotor R arethe unit bivectorl
(I? = S 1), which representshe dual of the rotation
axis,andtheangle , which representshe amountof
rotation.If we wantto translatean entity with respect
to atranslationvectort  Gs o, we canuseaso-called
translator,

T= (2.28)

et et
exp E

= 1+ —
2

This translatoris a specialrotor, similar to a transla-
tor in the dual quaternionalgebra.The main differ-
enceof CGA to the dual quaternioralgebra(Roongy,
1978) or motor algebra(Bayro-Corrochanncet al.,
2000)is the way in which the geometricentitiesare
encodedThis leadsto remarkablaifferencesn esti-
matingrigid motionsfor differententities.Let X bea

pointin CGA. Thenrotationsandtranslationsanbe
expressedy applyingrotorsandtranslatorsasversor
products(Hestenest al., 2001),e.g. X = RXR, or
X = TXT. To expressarigid body motionwe con-
catenatanultiplicatively arotor andatranslatorSuch
anoperatol(it is aspecialeven-grademultivector)will
bedenotedasa motor M, which is an abbreviation of
OmomenandvectorOTherigid bodymotionof e.g.a
point X canbewrittenas

X

M X Nt
TRXRT,

(2.29)

see also Bayro-Corrochanncet al. (2000). But as
mentionedbefore, this doesnot only hold for point

conceptsOtherentitieslike lines, plane,circles and
sphereganbe transformedn exactly the sameman-
ner. Notethatthis is in contrastto the motor algebra:
The CGA is a universalalgebrasinceit is build from

1-vectorswhereaghe motor algebrais build from 2-

vectors.Thatis thereasorwhy estimatingransforma-
tionsin themotoralgebracanonly bedonewith taking

careof differentsignswithin the motorsactingon the

differententities,seeBayro-Corrochannetal. (2000)
for moredetails.

Following e.g. Murray et al. (1994), a rigid body
motion can be expresseds a twist or screv motion,
whichis arotationaroundaline in spac€in generahot
passinghroughthe origin)' combinedwith atransla-
tionalongthisline. Theinbnitesimalersionof ascrev
motionis calledatwist andit providesadescriptiorof
the instantaneouselocity of arigid body in termsof
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its linear andangularcomponentsin CGA it is pos-
sibleto usetherotorsandtranslatorgo expressscrav
motionsin spaceA scrav motionis debPnedy anaxis
|, apitchh andamagnitude . Thepitch of thescrev
is theratio of translatiorto rotation,h := 4 (d, R,

= 0).If h , thenthe correspondingcreav mo-
tion consistof a puretranslationalongthe axis of the
scrav. Theresultingmotortakestheform (Rosenhahn,
2003)

M = exp S§(| +em) . (2.30)

The bivectorin the exponentialpart, S 5(I + em), is
atwist. The vectorm is a vectorin R® which canbe
decomposedn an orthogonaland parallel part with
respectto the rotationaxisn = | . If mis zero,the
motorM givesapurerotationandif | is zero,themotor
givesa puretranslation.Form | , the motor gives
a generalrotationandfor m | , the motor givesa
scrav motion.
Note,thatgenerafotationsareagoodrepresentation

to modeljoints along manipulatorsThe ideaof their
twist representatioasa motoris to translateboth,the
entity andthe line to the origin, to performa rotation
andto translatebackthetransformedentity. Themotor
M, interpretedas the exponentialof a twist, may be
writtenas

TRT
exp é§(| + et -1))

<
I

= exp SE (2.31)
Therigid bodymotionof apointcanthenbewrittenas

X

MX Nt
(TRT)X(TRT).

(2.32)

Notethatweuse for atwistin theafbnespaceand
for atwistin theconformalspaceFor pointsthesetwo
structuresareequialent.But  is moregenerakince
it canalsobeappliedon otherentities.

2.3. Opemtional Debnitionof Cycloidal Curves

While in the last sectionwe statedthat twists canbe
consideredsgeneratorsf thelie groupof rigid body

motion for a certainsetof entities,we will now con-
sider curves as generalizedgeometricentitieswhich
resultfrom twistsasorbitsof acertainLie group.That
is, herewe restrictoursehesto model cunesby the
algebraicallyconstrainedmotion of pointsin space.
As previously explained,cycloidal curves are circles
rolling on circlesor lines. In this sectionwe will ex-
plain how to generatesuchcurvesastwist depending
functionsin conformalgeometrialgebraFor example
conicsareno entitieswhich canbe directly described
in conformalgeometrialgebraTheideafor modeling
conicsis visualizedin Fig. 6: We assuméwo parallel
twistsin 3D spaceanda 3D point on the conic, and
we transformthepointaroundthetwo twistsin abxed
anddependentnanner In this casewe usetwo cou-
pled parallel(not collinear)twists, rotatethe point by
S2 aroundthebrsttwist (1) andby aroundthesec-
ondone(2). The setof all pointsfor [0,...,2 ]
generatea conicastheorbit of thecorrespondind.ie
group.

In general,every cycloidal curwe is generatedoy
a setof twists ; with frequencies; actingon one
point X on the curve. Sincem twists can be usedto
describegyeneralotationsin the2D planeor 3D space,
we call the generatecturves nD-mtwist curves. With
nD-mtwist curves we meann dimensionalcurves,
generatedy m twistswith n, m  N. In thecontet of
the 2D-3D poseestimationproblemwe usethe twist
generatedurvesas3D objectentities.Sowemear3D-
mtwist curves,if we spealof justmtwist curves.Note,
that the cycloidal curves are a specialcaseof twist-
generatecturves. E.g. a spiral is no cycloidal curve,
but can be generatedwith two twists. Furthermore,
cycloidal curvesrequirea specialrelationbetweerthe

e point

© rwist

Figure6. A conicgeneratedvith a pointandtwo coupledtwists.
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Figure7. Curvesgeneratedrom 3D-2twistswith parallelandnon-parallelaxes.

frequeng andthetwistlocation.Onlythenit is possible
to modela circle rolling alonganothercircle without
slipping. Suchrestrictionsare not necessaryor twist
generatedurves.Furthermoret is possibleto arrange
the twist axes non-parallel,resulting in non-planar
cunesin 3D spaceas shavn in the right imagesof
Fig. 7.

We will startwith very simplecurves.Thesimplest
oneconsistof onepoint(apointonthecurve)andone
twist. Rotatingthe point aroundthe twist leadsto the
parameterizedeneratiorof a circle: Thetransforma-
tion canbe expressedwith a suitablemotor M and
anarbitrary3D point, X, on thecircle. The 3D orbit
of all locationson the circle the point cantake on is
simply givenby

X,=M X,M : [0,...,2] (2.33)

We call a circle also a 1twist generateccurve. The
points on the orbit are constrainedoy the motor M
aselemenbf aLie group.Thisis in contrasto classi-
cal subspaceonceptsn vectorspaces.

Now wecancontinueandwrapasecondwistaround
theprstone.If we make theamountof rotationof each
twist dependenbn eachother we gaina 3D curvein
general This curve is brstlydependentn therelative
positionsand orientationof the twists with respecto
eachother the (starting) point on the curve, andthe
ratio of angularfrequencieskor paralleltwist axeswe
gaina2D curvein 3D spacewhereasvegeta3D curve
in 3D spacefor non-parallekwist axes.

Thegeneraform of a 2twistgenerated¢urve is

XC = Mzz Mll Acmi Mzz
= g 2 5 1
-expszzexpszlﬁc
2 2
2 R, [ ..., 2. (234

ThemotorsM' arethe exponentialsof the twists |,
the scalars | R determinethe ratio of angular
frequenciesdbetweenthe twists and X is a point on
the curve. Thevalues ; debnethe boundarieof the
cune and indeedit is also possibleto debnecurve
sggments.

Figure 7 shaws further examplesof curves, which
can be very easily generatedoy two coupledtwists.
Note that also the archimedic spiral is a 2twist
generatedcurve. To gain an archimedicspiral, one
twist has to be a translator All these curves are
givenin the 3D spaceln Fig. 7 only projectionsare
shawvn. Figure 8 shaws different projectve views
of a 3D twist generatedcurve. Table 2 gives an
overview of somewell known entities, interpreted
astwist generateccurves as well as twist generated
surfaces.

Therigid bodymotionof theseentitiescaneasilybe
estimatedjust by transformingthe startingpoint and
thegeneratingwists. Thetransformatiorof anmtwist
generatedurve canbe performedby transforminghe
m twists (which are just lines in the space)and the
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Table 2. Well known 3D entities as mtwist curves or
surfaces.

Entity Class Entity Class
Point Otwistcurve rose 2twistcurve
Circle ltwistcurve spiral 2twistcurve
Line ltwistcurve  sphere  2twistsurface
Conic 2twistcurve plane  2twistsurface
Line sggment  2twistcurve cone 2twistsurface
Cardioid 2twistcurve  cylinder  2twistsurface
Nephroid 2twistcurve  quadric  3twistsurface

.-/"‘_‘\

I
'\_/

//\
\ 7

Figure 8. Perspectie views of a 3D-2twistgeneratecurve. The
2twist curve andthetwistsaxesarevisualized.

point on the curve. The descriptionof thesecurvesis
compact,andrigid transformationsan be estimated
very fast.We will focuson curvesonly in this paper

3. Estimating Twists from a Given ClosedCurve

Sofarwe have discussedhow a setof multiplicatively
coupledtwists canbe usedto generatea curve. Sim-
ilarly, we canaskhow a given closedcurve may be
parameterizeavith respecto a setof additively cou-
pledtwists. This problemis in fact closelyrelatedto
Fourierdescriptorswhich areusedfor objectrecogni-
tion (Granlund,1972;ZahnandRoskies,1972;Arbter
etal.,1990;Kauppineretal., 1995)andafbneposees-
timation (Arbter andBurkhardt,1991;Reiss,1993)of
closedcontoursWewill shav herethatasetof coupled

twistsactingon a vectoris equivalentto a sumover a
setof rotors,eachof which actson a differentphase
vector The latter canbe regardedasa Fourier series
expansionwhosecoebcientsare also called Fourier
descriptors.

Theequiwalenceof couplediwistsmodelinggeneral
rotationsanda Fourierexpansioris mosteasilyshavn
in Euclideanspacelet

R =exp S

(3.35)

whereT R is the length of the closedcurwve, u;
Z is a frequeny numberand| is a unit bivector
which dePneghe rotationplane.Furthermore R, =
exp( ui / T1). Recallthat|? = S 1 and, as noted
in Eq. (2.27),we canthereforewrite the exponential
functionas

exp( 1) = cos()+ sin( )I. (3.36)

A 2twist generatedurve may thenbe written in Eu-
clideanspaceasfollows,

X = M2 MY X M M2

Xce= R, Ri(XcSt)R +t; Str R+t
= R,R (xc St))R, R, + Ry(t1 S )R, + t

(3.37)

Pot+ Vi PV + V, pp Vs,

wherep, ta, p; t1Styp, xcSt,V, R,
V, R,R;and ; = 2 u/T. Notethatfor planar
curvestherotorsR; andR, actin thesameplaneand
thevectorsxc, t; andt; lie in therotationplane Hence,
the{p,} lie in therotationplane.

It canbeshawn thatif avectorx liesin therotation
planeof somerotor R, then Rx = xR. The previous
equationcanthereforebewritten as

Xc = Po+ PLVF + P,V . (3.38)
Note that the squareof a rotor is equalto a rotor of
twice the anglein the samerotationplane.Therefore,

V%, = V¥ . Using the exponentialform of rotors,
we get
2 U
Xc = Pot PLOQ —= |
uz
+ p,exp T . (3.39)



Thisis equivalentto a Fourier seriesexpansionwhere
we have replacedhe imaginaryuniti =  S1 with |
andthecomple Fourierseriexoefcientswith vectors
thatlie in theplanespannedby|. Thelattervectorsare
thephasevectors.In generait maybeshowvn thatary
closed planarcurve C( ) canbeexpressedisaseries
expansion

PP T

R, Py R, (3.40)

For every closedcurwve thereis a uniquesetof phase
vectors{p,} that parameterizeshe curve. However,
suchasetcorrespondtinbnitelymary differentcom-
binationsof coupledtwists. Thatis, givenasetof cou-
pledtwists,wecanobtainthecorrespondinghasevec-
tors{p,} but not vice versa.The spectralrepresenta-
tion of a curve transformghetranslationapartsof its
generatingwists into a setof differentphasevectors
andthereforeresultsin a purerotor description.This
additive representatioris unique,whereashe multi-
plicative coupledwistrepresentatiois not. Therefore,
we usetheadditive descriptiorfor our poseestimation
scenaridateron.

The expansionin Eq. (3.40) is again closely re-
latedto the standard-ourierseriesexpansiorof areal,
scalarvaluedfunction. In Fig. 9 aclosedcurve cre-
atedby two coupledtwistsis shavn in the yzplane.
Supposehatinsteadof C( ) we considerCg( ) :=
C( )+ 2 /T ey, wheree; is the unit vectoralong
the x-axis. If we projectCs( ) ontothe xy-planeand
xz-plane,we obtainthe two othercurvesshown. This
visualizesthewell known factthatwe canregardary
periodic function in a spaceof dimensionn as the
projectionof a closedcurve in a spaceof dimension
n+ 1.

The phasevectors{p,} arealsocalledFourier de-
scriptors. It haslongbeerknown thatonecanalsocon-
struct afeneinvariant Fourier descriptors(Granlund,
1972; Arbter, 1989), that is, entitiesthat describea
closedcurve andstay invariantunderafenetransfor
mationsof the curve. This is particularly useful for
objectrecognitionandhasbeenusedin mary applica-
tions (Arbter etal., 1990;Fensle, 1993; Tello, 1995).
The samerelationsthat allow oneto constructafbne
invariantFourierdescriptorsalsoallow for afPnepose
estimationThisworksin thefollowing way. Consider
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Figure9. Projectionsof acurve createdoy coupledtwists.

aclosedcune thatlies on a planewhichiis tilted with
respecto anobsener. This curve is projectedwith an
afbne cameraonto an image plane. The poseof the
planein spacecanthenbeestimatedyiventhe Fourier
descriptor®f theprojecteccurve aswell astheFourier
descriptorof theoriginal curve. SeeArbter (1990)for
moredetails.

We attemptedo performa projectve poseestima-
tion via Fourier descriptors Unfortunately thereare
two majorproblemsFirstof all, if aclosedcurveis pro-
jectedprojectiely, thentheprojecteccurve will notbe
sampledn thesameway astheoriginalcurve. Thisal-
readydistortsthe FourierdescriptorsSecondlygoing
throughthe equationsve foundthatin orderto solve
the projective pose estimationproblem via Fourier
descriptorspnehasto Pndanalyticsolutiongto nth de-
greepolynomials.Sincethisis not possiblen general,
we cannotfollow this approachWe thereforeinvesti-
gateda differentapproachfor the poseestimationof
projectedclosedcurves,whichwill bediscussedh the
following.

4. PoseEstimation in CGA

This section concernsthe pose estimation prob-
lem. So far we have just formalized free-form en-
tities and their twist representationNow we will

continue to formalize the 2DD3D pose estimation
problem.
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4.1. PoseEstimationin StratiPedSpaces

To dePneheposeproblemwe wantto quoteGrimson
(1990):

Debnitior4.1. By posewe meanthetransformation
neededo mapanobjectmodelfrom its own inherent
coordinatesysteminto agreementwith the sensory
data.

Thus,poseestimationmeango relateseveral coordi-
nateframesof measuremendataand model databy
Pndingout the transformatiorbetweenthem.2D-3D
poseestimatiormeando estimateherelative position
and orientationof a 3D objectto a referencecamera
system.We already formalized our entities in the
conformalalgebrabecauseve want to formalize the
poseestimationproblemin the conformalspaceThat
is, a kinematicallytransformedbjectentity hasto lie
ona projectivelyreconstructedmage entity. Let X be
an objectpoint givenin CGA. The (unknavn) trans-
formationof the point canbewrittenas M X M. Let x
beanimagepointonaprojective plane.Theprojectve
reconstructiofromanimagepointin CGA canbewrit-
tenasL, = e O x(Rosenhahrni2003).Thisleads
toareconstructe@rojectionray, containingtheoptical
centerO of thecameraseee.g.Fig. 1, theimagepoint
x andthevectore asthepointatinbnity. NotethatO x
formalizeghereconstructecayin projectvegeometry
(Pervass and Hildenbrand, 2003). The expression
e O xrepresentthereconstructedayin conformal
geometry(seeTable 1) andis thereforegivenin the
samelanguageaswe usefor our entitiesand mtwist
generatedurves.

To expressthe incidenceof a transformedpoint
with areconstructeday we canapplythecommutator
product, which expressescollinearity and directly
transformsthe constraint equationin an equation
given in the Euclideanspace(seee.g., Rosenhahn,
2003for the proofs). Thus,the constraintequationof
poseestimationfrom imagepointsreads

(M X Mxe (O x )=0

objectpoint imagepoint

projectionray,
reconstructedrom the
imagepoint

rigid motionof
theobjectpoint

collinearity of thetransformedbject
pointwith thereconstructedine

(4.41)

Constraintequationdo relate2D imagelinesto 3D
objectpoints,or 2D imagelinesto 3D objectlines,can

alsobe expressedn a similar manner Note that the

constraintequationgmplicitly represenan Euclidean
distancemeasurewhich hasto be zero. Such com-

pactequationssubsumethe poseestimationproblem
athand:pndthebestmotor M which satisbeshecon-

straint.But in contrasto otherapproachesyherethe

minimizationof errorshasto be computeddirectly on

themanifold of thegeometridransformationgChiuso
andPicci,1998;Ude,1999),in ourapproactadistance
in theEuclidearspaceconstitutesheerrormeasureTo

changeour constraintequationfrom the conformalto

theEuclidearspacetheequationsrerescaledvithout

loosinglinearity within our unknowvns.

The theoreticalfoundationsconcerningthe mathe-
maticalspaceivolvedin theposeestimatiorproblem
andtheiralgebraiacouplingwithin geometricalgebras
is moredetailedexplainedin Rosenhahif2003).

4.2. PoseEstimationof Twist GeneatedCurves

Now we cancontinueto combinethe twist generated
cuneswith the poseestimationproblem:We consider
a D twist generateaurve, like

Xz = M2 MY XM M2y o R,
0,....,2 1. (442

By substitutingthis expressionwithin our constraint
equationfor poseestimationwe gain

M M2 MY XML M2 M

x(e (O x)=0. (4.43)
Sinceeveryaspecbf the2DbB3Dposeestimatiorprob-
lem of twist generatedcurvesis formalizedin CGA,
the constraintequationdescribingthe poseproblemis
compactand easyto interpret: The inner parenthesis
on the left containsthe operationaldepnitionof the
twist generatecturve. The outer parenthesigontains
the unknavn motor M, describingtherigid body mo-
tion of the 3D twist generateaturve. This is the pose
we areinterestedn. The expressions thencombined
viathecommutatoproductwith thereconstructegro-
jectionray andhasto be zero. This describeghe co-
tangentialityof the transformedcurve to a projection
ray. The point x is a memberof a 2D contourin the
imageplane.

The unknowns are the six parameter®f the rigid

motion M (threefor thelocationof theline, two for its



Figure 10. Poseestimationof anobjectcontaininga cardioidand
two cycloids.

orientationandonerotationangle)andtheangle for
eachpoint correspondencén examplefor poseesti-
mationof twist generatedurvesis shovn in Fig. 10.
Theupperleft imageshawvs the 3D objectmodel. The
otherimagesshav poseresultsof the model.To visu-
alizethe quality, thetransformedand projectedobject
modelis overlaidin theimages.

4.3. PoseEstimationof Free-Form Contous

Sofar we consideredcontinuous3D curvesasrepre-
sentingobjects.Now we assumea given closed,dis-
cretizied3D curwe, thatis a 3D contourC with 2N
sampledhointsin boththe spatialandspectradomain
with phasevectorsp, of the contour We now replace
a Fourier seriesdevelopmentby the discreteFourier
transform.Then the interpolatedcontour can be ex-
pressedn the Euclideanspaceas

N
C()-= Ry Pk Ry -
k=S N

(4.44)

For each doesC( ) leadto apointin the Euclidean
spaceWe prsthave to transformthis expressiorin the
conformalspace.Thenwe can, similar to the previ-
oussection substitutehis expressionn the constraint
equationsfor poseestimation.The transformationof
the Fourier descriptorgn the conformalspacecanbe
expresseds
e (C()+e)=e Re PR +es
k=S N

(4.45)
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The innermostparenthesicontainsthe Fourier de-
scriptorsin the Euclideanspace.The next parenthe-
sis transformsthis expressionin the homogeneous
spaceandthenit is transformedo theconformalspace
(Rosenhahr003).Substitutingthis expressionin the
poseconstraintequationeadsto

M(e (C( )+ e)M)x(e (O x)=0
N
M e RepkR, +es M
k=S N
x(e (O x)=0. (4.46)

Theinterpretatiorof this equationis alsosimple:The
innermospartcontainghesubstituted-ourierdescrip-
torsin the conformalspaceof Eq. (4.45).This s then
coupledwith theunknawvn rigid bodymotion (themo-
tor M) andcomparedwith a reconstructegbrojection
ray, alsogivenin the conformalspace.

Note thattwist generateadurvesarein thatrespect
moregenerathancontoursaswe assumesontoursas
closedcurves,whereaswist generatedurves(seee.g.
a spiral) are in generalnot closed. This means,for
closedcurvescanFourierdescriptordeinterpretecas
generatoparametersf speciaktwist generatedurves,
but not vice versa.The main point is the coupling of
a spectralrepresentatiof contourswithin the pose
estimationproblem. This is achiesed in the previous
equatiorby usinga conformalembedding.

4.4. Estimationof PoseParametes

The main questionis now, how to solwe a set of
constraintequationsfor multiple (different) features
with respecto the unknovn motor M. Sincea motor
may be representedsa polynomialof inbnitedegree
(see,e.qg.,2.27 for the seriesexpressionof the expo-
nential function), this is a non-trivial task, especially
in the caseof real-time estimations.The idea is to
gainlinearequationswith respecto the generatorsf
the motor. We usethe exponentialrepresentatiorof
motorsandapply the Taylor seriesexpressionof prst
order for approximation. This correspondsto a
mapping of the abore mentioned global motion
transformationto atwist representationyhichenables
incrementalchangef pose.That meanswe do not
searchfor the parameterf the Lie group SE3) to
describethe rigid body motion (Gallier, 2001), but
for the parametersvhich generatetheir Lie algebra
s€3) (Murrayetal.,1994).Thereforewelinearizethe
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equationgwhich meanswve goto thetangentiakpace,
the Lie algebra)anditeratethe solutions.This results
in a gradientdescentmethod. The Euclideantrans-
formationof apointX = e x= E+ e xcaused
by the motor M is approximatedin the following

way:

MX M = exp SE(I +em) Xexp E(l +em)
18 E(l +em) (E+e X)

x 1+ =( + em
5( )

E+exS ( -x)S m). (4.47)

Note,that(x S (I -x) S m) yieldsavectorin R3.
Thismeans,E + exS (I -x)S m) is again a
homogeneousepresentatiomf a point in conformal
geometricalgebraSincefurtherholds

E+exS (I -xX)S m)
= E+e xSe (( -x)+ m)
XSe ((-x+ m),

(4.48)

it is nothingmore,thanthe point X andaddedis the
linearizedunknawn rigid motion M actingon x.
Settingl := | andm:= m resultsin
MXM E+eXxSI-xSm). (4.49)
By combiningthis approximationof the motion with
the previously derived constraintge.g.the point-line
constraintye get

0= MXMx L

0=exp SE(I +em) X

xep S( +em) x L

0=(E+e(xS1-xSm)x L. (4.50)
Becauseof the approximation( ) the unknovn
motion parameter$ andm are linear. This equation
containssix unknovn parameterof the rigid body
motion. Theseunknawvns are the unknavn twist pa-
rametersThe linear equationsanbe solvedfor a set
of correspondencedsy applyinge.g.the Householder
method.Fromthe solutionof the systemof equations,

themotionparameter®, t canberecoveredby evalu-
ating = | ,I := L andm := M andapplyingthe
Rodgriguedormula(Murray etal., 1994).
Solvingtheseequationswegetabrstapproximation
of therigid body motion. Iteratingthis procesdeads
to a monotonouscornvergenceto the actualposeand
only afew iterations(mostly 5B8)aresufbcientto get
agoodapproximategoseresult. The algorithmitself
correspondgo a gradientdescendnethodappliedin
the 3D space Note thatthe monotonousornvergence
doessometimedeadto local minima. The aim is to
awid suchlocal minima. Thereforewe uselow-pass
informationfor contourapproximation.

5. Experiments

In this sectionwe presenexperimentakesultsof free-
form contourbasecposeestimationThereforewve will
start with an introductionto the main algorithm for
poseestimationof free-formcontours Thoughthe nu-
merical estimationof the poseparameterss already
claribedin thelastsection the main problemis to de-
terminesuitedcorrespondencédmtweer2D imagefea-
turesand pointson the 3D model curve. Thereforea
versionof anlCP-algorithmis presente@ndcalledthe
increasingdegreemethod.Thenwe will continuewith
experimentson the corvergencebehaior of our algo-
rithm. Therearealsoshavn stability exampledor dis-
tortedimagedata.The algorithmproofsasstableand
fast(real-timecapable¥or our scenariosTo dealwith
3D objectsand partially occludedaspectf objects
duringtracking,we thenpresenta modipedversionof
our increasingdegree method.There we are able to
dealwith occlusionproblemsby usingsetsof Fourier
descriptorgo model aspectf the objectwithin our
scenario.

5.1. TheAlgorithmof PoseEstimation
for Free-Form Contous

Theaimis to formulatea2DB3Dposeestimatioralgo-
rithm for ary kind of free-formcontour The assump-
tionswe male arethefollowing:

1. Theobjectmodelis givenasasetof 2N 3D points
fj3, spanninghe 3D contour Furtherwe assumeo
know their phasecoebcientsp,.

2. In animageof a calibratedcamerawe obsere the
objectin theimageplaneandextracta setof n 2D
pointsx?, spanninghe 2D contour



Sincethenumbetrof contourpointsin theimageis often
toohigh(e.g.800pointsin ourexperimentakcenario),
we usejust every 10th pointandgetanequalsampled
setof contourimagepoints.

Note that we have no knowledgewhich 2D image
pointcorresponds which 3D pointof theinterpolated
model contour Furthermorea direct correspondence
doesnot generallyexist.

UsingourapproacHor poseestimatiorof point-line
correspondencethealgorithmfor free-formcontours
consistof iteratingthefollowing steps:

(a) Reconstruct projection rays from
the image points.

(b) Estimate a nearest point on the
3D contour to each projection
ray.

(c) Estimate the pose of the contour

with the use of this
dence set.
(d) goto (b).

correspon-

Theideais, that all image contourpoints simultane-
ouslypull onthe3D contour Thealgorithmitself cor-
respondgo the well-known ICP algorithm, e.g. dis-
cussedn Rusinkievicz and Levoy (2001) and Zang
(1999). But whereaslCP algorithmsare mostly ap-
plied on setsof 2D or 3D points,herewe applyit on
atrigonometricallyinterpolated3D functionandfrom
imagepointsreconstructe@D projectionrays.
Notethatthis algorithmonly worksif we assumea
scenariovheretheobsenationsin theimageplaneare
not too different. Thus,it is usefulfor trackingtasks.
For our experimentswve allow up to 25 pixel deviation
betweenwo imagesof asequenceA projectionof the
usedobjectmodelfor our bPrstexperimentss shavnin
Fig. 11. Thediscretepointsandthe differentapproxi-
mationlevelsareshavn. Themodelitself consistof 90
contourpoints,is planarandhasthe width andheight
of 24x 8 cm.Poseestimatiorresultsatdifferentitera-
tionsareshowvnin Fig. 12. Thewhite 2D contouris the
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16, 24

Figure12. Poseresultsduringtheiteration.

transformedand projected3D object model overlaid
with theimage.

Using the Fourier coefcientsfor contourinterpo-
lation works Pnebut the algorithmcanbe mademore
stableby usingalow-passapproximatiorfor poseesti-
mationandby addingsuccessiely higherfrequencies
duringtheiteration.Thisis basicallyamulti-resolution
method.We call this techniquethe increasingdegree
method.Thereforewe startthe poseestimationpro-
cedurewith just a few Fourier coebcientsof the 3D
contourand estimatethe poseto a certaindegree of
accurag. Thenwe increasethe orderof usedFourier
coebcientsandproceedo estimatethe posewith the
rePnedobject description.This is shavn in Fig. 13.
In this experiment, the indicated iteration number
corresponddirectly to the numberof used Fourier
coebcientsminusone This meansthat we usetwo
Fourier coebcientsin the brstiteration, four Fourier
coebcientdn thethird iteration,etc.Iteration21 uses
22FouriercoebcientaandFig. 13shovsthattheresult

-

Figure 11. The different approximationlevels of the 3D object
contour

Figure 13. Poseresultsof thelow-passblteredcontourduringthe
iteration.
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Figure 14. Differentposeresultsof thefree-formcontour
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Figure15. Computingimesfor animagesequenceontainings00
images.

is nearlyperfect.Figure 14 shavs poseresultsduring
animagesequenceontaining530imagesAs canbe
seenalso perspectie views of the free-form contour
canbeestimated.

Figure 15 shavs the computingtimesfor animage
sequenceontaining500images.The computingtime
for eachimagevariesbetweer20 msand55 ms. The
averagecomputingtime is 34 ms,which is equivalent
to 29 fps. Theseresultswere achiezed with a 2 GHz
PentiumlV computer

Mary ideasto speedup the algorithmcanalsobe
foundin Rusinkiavicz andLevoy (2001).We did not
improve thealgorithmyet. Thisis partof futurework.
Themainresultis thatthe algorithmcanalsobe used
for real-timeapplication®nstandard.inux machines.

Therobustnes®f ouralgorithmwith respecto dis-
torted imagedatais shavn in Fig. 16. In this image
sequencécontainingd50images)vedistorttheimage
contourby covering partsof the contourwith a white
paper This leadsto slight or moreextremeerrorsdur-
ing thecontourextractionin theimage . Theprstrow of
Fig. 16 shovstheresultsobtainedwith anon-modibed
ICP-algorithm Sincewe have alreadyclaripedthatthe

Figure16. Differentposeresultsfor distortedmagedata. Thebprst
row shavsresultsobtainedvith thenon-modibpedCPalgorithm.The
secondow shavs poseresultsobtainedwith theoutlier-elimination
duringtheICP algorithm.

Contour approximations

Start configuration Iterations Result
=, . -

Figurel7. Contourapproximation®fanotheplanarobjectmodel
andits corvergencebehaior.

constrainequationgxpressageometrialistancenea-
surein the 3D space,|t is easyto detectoutliersand
implementan algorithmwhich automaticallydetects
outliersandeliminategheirequationsSomeresultsof

themodibedalgorithmareshavn in thesecondow of

Fig. 16. We call this procedurdhe outlier-elimination
method As canbeseentheobtainedresultsaremuch
better But indeed,theseexamplesgive just a guess
aboutthe stability of the proposedmethod.It is not

possibleto compensatdotally wrong extractedcon-
toursor too muchmissinginformation.

Figuresl 7D2@resentesultsof otherobjectmodels:
We call the brstobjectmodelthecloudandthesecond
objectmodeltheedge. Figurel7 shavsthe3D contour
approximationgn theleftimageandacorvergencesx-
amplein theotherimagesFigurel8presentsesultsof
asequenceontaining700imagesAs canbeseeralso
strongperspectie views, asin the lower right image,
canbeestimatedTo compardhevisualobsenableer
ror (asa dravn contourin theimage)with its real 3D
posewe visualizein Fig. 18 therelative posein a vir-
tual ervironment.The real 3D posematcheswith the
obsenationsin theimage.

Figure 19 shawvs approximationlevels of a non-
planar object model in three different perspectie
views. This is an extreme example since the object
modelcontainsedgesinterpolationof a contourwith
Fourier descriptordeadsto a trigonometricallyinter
polatedunction.Sotheedgesrealwayssmoothednd
severaldescriptorgwe use40) arerequiredto achieve



Figure 18. Exampleimagesand 3D posestaken from an image
sequenceontaining700images.

Figure 19. Threeperspectie views of a non-planarobjectmodel
andits approximations.
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Figure 20. Exampleimagesfrom animagesequence&ontaining
500images.

anacceptableesult.Figure20presentslifferentresults
from animagesequenceontaining500images.

Object contourswhich contain concaities are in
dangerto get trappedin local minima during using
the ICP-algorithmwith the gradientdescendnethod
for poseestimationThoughit is notalwayspossibleo
Pndtheglobalminimum (andthereforethe bestpose),
usingcontourapproximation$elpsto avoid localmin-
ima. This effectis achiezed by usingprstlyalow-pass
contourfor poseestimationand then a more rebned
contourover theiterations.

Thelasttwo objectmodels(the cloud andthe edg)
containmorelocalminimathanourprstone.Therefore
weneedmoreFourierdescriptorgo gainacceptablee-
sults.Thisindeedncreaseshecomputingtime. While
for the bPrstobjectmodelthe averagecomputingtime
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is 34 ms,the averagecomputingtime of the cloudand
edgemodelare50 ms and 70 ms, respectiely. Note,
that the Fourier descriptorscan be estimatedoff3ine
beforethe algorithmstarts.

5.2. Simultaneou®oseEstimation
of Multiple Contours

In thelastexperimentur objectmodelis assumes
one (closed)contour But mary 3D objectscanmore
easilyberepresentetly asetof 3D contourssxpressing
thedifferentaspectsftheobject.In thissectionvewill
extendour objectmodelto a setof 3D contours.The
main problemhereis, how to dealwith occludedor
partially occludedcontourpartsof the object.For our
Prstexperimentwe will usetheobjectmodelwhichwe
alreadyusedin Figs.19 and20. We will interpretthe
modelasanobjectcontainingwo sidesandoneground
plate.This meanswve geta setof threeplanarcontours
to modelthe object. The threecontoursaremeigedto
oneobjectandperspectie views areshovn in Fig. 21.
The threecontoursareassumedsrigidly coupledto
eachother This meansthat the poseof one contour
automaticallydePneghe poseof the othercontours.

Ouralgorithmto dealwith partially occludedobject
partsis simpleandeffective:

Assumptions:
n 3D contours and one boundary
contour in the image dist(P,R) a
distance  function between a 3D
point P and a 3D ray R.

Aim:
Estimate  correspondences and pose
(@) Reconstruct projection rays from
the image points.
(b) For each projection ray R:
(c) For each 3D contour:

(c1) Estimate a nearest point
P1 on the 3D contour
to each projection ray R.
(c2) if (n==1) choose P1 as
actual P for the
point-line correspon-
dence
(c3) else compare P1 with P:
if dist(P1,R) is smaller
than dist(P,R) then
choose Pl as new P
(d) Use (P,R) as correspondence set.
(e) Estimate pose with this
correspondence  set
(f) Transform  contours, goto (b)
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Figure2l Threeperspectieviewsofanobjectwhichisinterpreted
by a setof contours.The differentapproximationsof the contours
arealsodrawn.

Theideais to apply our ICP-algorithmnot to one
image contourand one 3D contour but now to one
imagecontouranda setof 3D contours.

This implies: For eachextractedimagepoint must
exist onemodelcontourandonepoint on this contour
which correspondso this imagepoint. Note, thatthe
reverseis in generahotpossible.

Figure 22 visualizesthe problem of partially oc-
cludedcontourpoints.Theonly imageinformationwe
useis theobsenedboundarycontourof the object.By
usingapriori knowledge(e.g.assumingatrackingas-
sumption),the posecan be recovereduniquely This
meanspur algorithmcaninfer the positionof hidden
component$rom thevisible components.

The computingtime is proportionalto the number
of usedcontours But we gainamoregenerakoncept,
sincewe are not restrictedto one specialview to the
object.Insteadwe candealwith aspecthange®f the
contourin anefbcientmannerThisis demonstrateth

Figure 22. Poseresultsof an objectwith partially occludedcon-
tours. The left imageshaws the original image.The middleimage
shaws the extractedsilhouette(from which the boundarycontouris
extracted)andthe right imagevisualizesthe poseresult. Note that
alsothe occludedpartsof the modelaredravn anduniquely deter
minedby thevisible parts.

Figure 23. Poseresultsof animagesequenceontainingdifferent
aspecthangesanddegeneratesituations.

Fig. 23in caseof quitedifferentaspect®f a3D object.
The imagesare taken from an image sequenceson-
taining325imagesin thisimagesequenceve putthe
objecton aturntableandmake a 360 degreeturn of
thewholeobject.Theaspect®f theobjectsarechang-
ing andhalf-sidemodelscannotbeusedary more,but
justthewholeobject.Our trackingalgorithmdoesnot
fail andis evenableto copewith degeneratsituations,
e.g. specialperspecitie views as shavn in the lower
middle or lower left imageof Fig. 23.

In our next experiment,we use as object model
the shapeof a 3D tree. The contourapproximations
areshavn in Fig. 24. As canbe seenin the close-up,
here are also neededmary descriptors(around50)
to get a sufpcientapproximationof the model. Pose
resultsof animagesequenceontaining735 images
are shawvn in Fig. 25. The interestingpart of this
model,in contrastto the previous ones,is notonly its
compleity: This modelcontainstwo nestedcontours
and is therefore much more complicatedthan the
previous ones.Becausef its compleity (thenumber
of Fourier coebcientsand the nestedcontours)we
needa computingtime of 500 ms for eachimageon
a 2GHz Linux machine.

Figure24. Oneperspectie, frontal andtop view with approxima-
tionsof thetreemodel.Thecloseupvisualizeghecompleity of the
objectmodel.



Figure25. Poseaesultofthetreemodelduringanimagesequence.

Figure26. Imageprocessingtepsandposeresultsof acupmodel
duringanimagesequence.

Thenext experimentseeFig. 26, presentsesultsof
a tracked cup during an imagesequenceThe cup is
modeledby threecontoursof thecupandsincethecup
is moved by a humanhand,the extractedsilhouetteis
noisyandtheoutliereliminationmethodexplainedpre-
viously hasto beappliedadditionally Figure26 shavs
two processedmageswith their processingtepsThe
prstimagein eachrow shaws the originalimage.The
secondmagein eachrow shavs the extractedsilhou-
ette,from whichtheboundarycontouris extracted As
canbeseenthehandeadso remarkableutliersin the
correspondencset,which will be detectedandelim-
inated.Thelastimageshaws the poseresultafterthe
outlier eliminationandthe ICP-algorithm.As canbe
seen,the poseresultis accurateandit is possibleto
dealwith multiple contourscombinedwith an outlier
eliminationduringimagesequences.

Fromthe last experimentsresultsthe possibility to
modelcomplex objectswith contourgepresentinglif-
ferentaspect®f theobjectandto fusethesewithin our
scenario.

6. Discussion

This work dealswith the problemof 2DB3Dposees-
timation of 3D free-form contours.We assumethe
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knowledge of a 3D object, which containsone or
morecontouranodelingtheaspect®f theobject.Fur
thermorewe assumea calibratedcameraandobsere
the silhouetteof the objectin the camera.The aim
is to estimatethe pose (rotor R and translatorT),
which leadsto a best bt betweenimage and model
data. The prsttopic we concernis the modeling of
3D free-formcontours.Therefore we startwith alge-
braic curves (the cycloidal curves) and model them
by coupledtwists. We then derive the connectionof
twist-generatecturves with Fourier descriptorsand
explain how to estimate3D closedcontoursby us-
ing 3D Fourier descriptorsin contrastto an explicit
or implicit depPnitionof algebraiccurves,we propose
anoperationatiebnitiorwhich keepggeometridrans-
pareng and btswithin the scenarioof poseestima-
tion in aconformalmannerThe secondopic we con-
cernis thecouplingof this curve representatiowithin
the2Db3Dposeestimatiorproblem.Thereforeve use
the conformalgeometricalgebrawhich containsalso
Euclideanand projectve geometryas sub-algebras.
Thisrepresentatiois usedto comparehe 3D contour
with (fromimagepoints)reconstructegrojectionrays.
Thisleadsto constrainequationswhich aresolvedby
using a gradientdescendmethod,combinedwith an
ICP-algorithm.Theformulasarecompactandeasyto
interpret.

The last sectionpresentsxperimentswhich shov
the efbcieny of our algorithmon differentimagese-
quenceswith different object models (planar non-
planar cuned, angularetc.). We discussthe behaior
of our algorithmwith respecto boundarydistortions
andthe compleity of objectmodels.Besideswe in-
vestigatethe time performanceFurthermorewe deal
with partially occludedbbjectfeaturesandnestedcon-
tours.Using Fourierdescriptorsallows usto dealwith
low-passinformationof contoursandthereforeto sta-
bilize thealgorithmsOuralgorithmsproveasreal-time
capableefbcientandrobust.

Note

1. Suchanoperatiorisalsocalledagenerafotationgenerl rotation
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