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Efficiency of displacement estimation techniques

Ralf Buschmann*
Institut fiir Theoretische Nachrichtentechnik und Informationsl‘erarbeitung

Universitit H )
Appelstrafle 94, D-30167 Hannover, Germany B

Abstract

. An analytical description of displacement estimation
dlsplacement estimation techniques is presented. For ev
and by this the impact of the 2D motion model of the dj

v‘l/hlch allows an objective evaluation and comparison of various
a ;1at10n and comparison rate-distortion functions are calculated
Splacement estimator and the amplitude and spatial resolution of
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1. Introduction

For efficient coding of moving images block-
based motion compensated coding is applied in
toda_ys coding standards. The motion is represented
by displacement vector fields, which are measured
with help of displacement estimation techniques. In
orde?r to improve the efficiency of block-based
mot.lon compensated coding
- displacement estimation with variable displace-

ment amplitude resolution [5],
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— displacement estimation with varia

resolution [2, 107,

— cﬁsplacement estimation using 2D transforma-

tions [3, 11, 13, 15, 16, 19]
have been.proposed in the recent literature and are
currenFly Investigated in MPEG-4 [6, 7.

In dlsplacgment estimation with variable ampli-
tgde resolution, the amplitude resolution of the
displacement vector is not kept fixed at integer or
half pel resolution as in todays standards, but can
vary adaptively among various resolutions’

,e.g. 0.5,
0.25 or 0.125 pel. w0

In dl'splacement estimation with variable spatial

resolution the spatial distance of displacement

ble spatial
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vectors varies adaptively, ¢.g. among 4><4. 8 ><)8
16 x 16, 32 x 32 and 64 x 64. Thus lhe‘dlsp.lucem%i;
vector field can be represented Wll'[h mcreafc :
spatial resolution near the boundaries of moving
s, |
Obg:placcmem estimation te.chniques using j‘D
transformations can be described .by sparse dis-
placement estimation combined with subsequent
spatial interpolation. Although lhe. Slesque?t
spatial interpolation is not always carried 'out ?p I-
citly. it is inherent in the 2D tran;formatlon. %pl-
cal interpolation techniques applled are the affine
or bilinear interpolation of estimated d1.sp1acem.ent
vectors at node locations of a regular trilangulal or
quadrilateral mesh overlayed on 'the image. The
attachment of a single estimated displacement vec-
tor to a whole block in traditional block mat.chmg
can be viewed as nearest neighbour'mterpolanon of
displacement vectors at node locations of a regular
ilateral mesh.
qu;l'?l;ﬂ:itri of this work is an objective ass?ssmfant
of the efficiency of the displacement est1mat10n
techniques in a video coding system. by thelr. rate-f
distortion functions. The rate—dlst.or‘uon fun.ctxont(l)
a displacement estimation techmque descrlbes; ef
relationship between the theoretical lower boun lo
its displacement estimation error and the enf:odm(g1
bit-rate required for transmission of an estimate
sparse displacement vector field. .
Both, the theoretical lower bound of t.he is
placement estimation error and the encoding bit-
rate of the estimated sparse displacemept vector
field, depend on its amplitude and spatlal.res?lu-
tion. The theoretical lower bound of the displace-
ment estimation error additionally dep§11ds on the
kind of displacement vector interpolgtloq. An ob-
jective assessment of the various estimation tech-
niques independent of any test sequence and ‘?&y
implemented optimisation strategy 1 oply possible
with an analytical description of displacement
n. .
eStIITrE?Ut?lis purpose, in its first part, thls pap'evr
describes displacement estimation analytlca_lly giv-
ing additional insight into the sources of (.11spla'ce-
ment errors. In the second part,.rate-dlstqrtpn
theory is combined with the analytlc.al descrlptuzin
of displacement estimation to appralse-the encod-
ing bit-rate for the displacement vector fields.

ing: > Co icati 0 (1997) 43-61
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The rate-distortion functions of displacement es-)
timation techniques presented in this paper 1'elgtc
the lower bound of the displacement estimation
error to the encoding bit-rate of the displacement
information. An analytical description Fhal relates
the variance of the displacement estimation error to
the encoding bit-rate of the prediction error Image
needed to gain a predefined image quality 1s pre-
sented in [4]. Combining the results of the work
presented in this paper with the work present?cli mf
[4]. is seen as a good start to regch the goa fo
finding the theoretically optimum bit allocathn for
the displacement information and the prediction

age. .
errl(:lr 1Snc](?t%on 2 the analytical description of dlS:
placement estimation is derived. S-CCUOH. 3 extenfis
the analytical description by consideration of dl,s_
placement coding. In Section 4 thc model para-
meters for the exact displacement 51gnal.are gl\(/ie_n.
Experimental results are presented and dls.cusse n
Section 5. Section 6 contains the conclusions.

2. Analytical description of displacement
estimation

In this work the exact displacement sigpal is
assumed to be known. It is viewed as a two—d.lmep-
sional signal, with two components, that e)gsts lm
the image plane. It cannot be measured direct Y
but it leads to the temporal changes observable in
the image sequence. Each compom?nt of Fhe .dIS-
placement signal is assumed to be discrete 1n t1m;:.
but space- and amplitude-cont}guops (thg ampll.-
tude is real valued). DiSCODtinLllt‘lCS in thelr' ampli-
tude may occur at the bounda.rles of moving ob-
jects. Effects of undefined areas in the dlSpltdCGm'enI
signal, e.g. in uncovered background regions are
not considered in this work. -

With this assumption displacement estimation 1s
described analytically by low pass ﬁlte.rmg, samp-
ling, and quantisation of an exact Fhsplacemelnl
signal combined with subsequept spatlallmterpo ;1-
tion. The displacement estimation error is then the
difference between the exact an.d the reconstructed
displacement signal (Fig. 1). Usmg the power spec-
tral density of the exact dlsplacement. mgnal as
a reference, with this analytical description the

0
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e/

d(¥) | Estimation | 43 d, () do(X) Reconstruction |4 (%)
E\ ol Sampling 4 Quantisation Q Rttf?nhlrllttl()n A
filtering filtering
Fig. 1. Block diagram of filtering, sampling

displacement error variance of the various displace-
ment estimation techniques can be determined.

The low pass filtering of the displacement signal

before sampling considers the fact that during dis-
placement estimation a local neighbourhood in the
image signal is used to determine one displacement
vector. Thus, if the picture elements in the local
neighbourhood have been displaced differently the
estimated displacement vector is not a sample of
the displacement signal, but is an averaged value of
the displacements in the local neighbourhood. The
frequency response of this estimation filter depends
on the 2D transformation model of the displace-
ment estimator.

The sampling of this filtered displacement signal
reduces its spatial resolution. Different sampling
rates correspond to different spatial distances for
which a displacement vector is estimated. Thus it is
possible to describe e.g. block matching with differ-
ent block sizes.

Subsequent quantisation of the samples intro-
duces variable amplitude resolution of the esti-
mated displacement vectors.

By displacement vector interpolation a recon-

struction of the displacement signal is generated.
The vector interpolation is inherent in the applied
2D transformation of the displacement estimator.
Like the frequency response of the estimation filter.
the frequency response of the reconstruction filter
depends on the 2D transformation model of the
displacement estimator. They allow the analysis of
different 2D transformation models. Interpolation
techniques examined in this work are the affine and
bilinear interpolation of estimated displacement
vectors at node locations of a regular triangular or
quadrilateral mesh. The attachment of a single esti-
mated displacement vector to a whole block in
traditional block matching is viewed as nearest
neighbour interpolation of displacement vectors at
Node locations of a regular quadrilateral mesh.

. quantisation and reconstruction of a displacement signal.

The examined interpolation techniques require
that both the estimation filter and the reconstruc-
tion filter are applied separately to the two compo-
nents of the displacement signals. Thus for simpli-
city of the following description all signals are
viewed as one-component signals.

The aim of the following is to relate the power
spectral density Sy( £, f,) of the exact displacement
signal d(x,y) to the power spectral density
Se.e,(fx f;) of the displacement error signal eq(x, y).
The exact displacement signal d(x. y) is assumed to
be a real zero-mean ergodic wide-sense stationary
stochastic process. It is important to note here that
due to the sampling, the sampled displacement sig-
nal d,(x,y), the quantised displacement signal
do(x. y), the reconstructed displacement signal
d'(x, y), and thus the displacement error signal, are
no longer wide-sense stationary. However, they can

be described as wide-sense cyclostationary, which
means that their mean and autocorrelation fluctu-
ate periodically in time. In other words, their mean
and autocorrelation are invariant to a shift of the
origin by integral multiples of T, in the x-direc-

tion and/or of Ty, in the y-direction, where
T, and T,, denote the horizontal and vertical
sampling periods. Cyclostationary processes may
be treated as they were stationary, by simply aver-
aging the statistical parameters over one cycle [18].

To reach the goal of relating the power spectral
density of the exact displacement signal to the power
spectral density of the displacement error signal, in
a first step the estimation filtering, the sampling. the
quantisation, and the reconstruction filtering are
described separately. Combining these descriptions
in a second step, the desired relation is derived.

2.1. Estimation filtering

Let H,(f../,) denote the frequency response of
the estimation filter. The power spectral density
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S, 4 (fufy) of the filtered displacement signal, de-
noted by de(x. y), is then given by

Soa S )= Sual fu INH S fOV. (1)

2.2. Sampling

The power spectral density S (fo fy) of the
sampled displacement signal. denoted by da(x, y). 18
given by normalised shifted copies of the power
spectral density of the filtered displacement signal
[187:

1 s

Z Z SdFdF

Td--\' Td..\' n=—x m=-x

. ) 2)
Td.y

with T4, and T,, denoting the hor.izonFa.l and
vertical sampling periods. For the simplicity of
further writing let us simplify (2) by

Sd\d\( f\»ﬁ) =

m
St
) (f\ - Td.x f

Sys (forfs) = o (S fo )+ Suan S )

Td.x Tdd'
with
oG x m 5 n
S"‘\nu\(fx’f;_) = _Z_: ; . Sd,d; <fx + Td:a f)‘ Td.y
"o £10.0)

i > m n
-5 8 (g

n=-—oc M=—"®%

(m.n) #(0,0)

")
Hil s+ Tor Tay

describing the sum of shifted cgpies of the powelr
spectral density of the ﬁltered'dls.placement signal,
which may lead to aliasing noise in the reconstruc-
ted displacement signal.

2

.4

X

2.3. Quantisation

The influence of the quantiser is described by
a quantisation noise signal denoted by no(}', y). The
quantisation noise signal is assumed to be md@per}-
dent of the sampled displacement signal, which is

valid when the quantisation step size i; small with
respect to the variance of the sampled d1splacerrfle;11t
signal. The power spectral density Sy, fofdo }: ¢
quantisation noise signal is assumed to be white
with variance a;
S Lo S) = Ty | (5)
Assuming uniform quantisation of d(x) with step
size 4 and K quantisation steps and a probability

. S - onal the
density function pd(d) qf the dlsplacement151gndalbt
quantisation €rror variance can be calculated by

ot 42
Try = i J‘ (‘lo.k—d)zpd(d)dd. (6)

k=1 Jdg,— 12
The power spectral density. S,,Q.no(f‘..,f_‘.) of the
quantised displacement signal is then given by

Sd(,d(,(fmfy) = SdAd\(f.\"fv) + SnQnQ( fx’f:v)' (7)

2.4. Reconstruction filtering

Considering the cyclostationarity of th/e recon-
structed displacement signal, dengted by d (%c, y_), its
averaged power spectral density Sy ( fo fi)1s given
by [18]

1 2
gd’d'(fx»fy) = m Sdeo(fx’fy)lHZ(szfy)l s (8)

where H,( fy. f;) denotes the frequency response of
the reconstruction filter.

2.5. Power spectral density of the displacement
error signal

With the given separate descriptions, it is now
straightforward to relate the power spectral density
of the displacement error signal to the power spec-
tral density of the displacement signal. The
autocorrelation function R, (T T,) of the cyclo-
stationary displacement error signal,

Re,e(Toty) = E[ed(x, y)ea(x — Ty — 1))
= E[(d(x,y) — d(x, )Wd'(x = Ty = T,)
—d(x — .y — 1))}
= Ryl 1) — Ryg (7 T_r)

— Ry — T — 7y) + Ryar (TTy)s 9)

R. Buschmann . Signal Processing: Image Communication 10 (1997) 43-61

depends on the spatial reference given by the samp-
ling points. Ry (z., 7y) = Ry(t.. 7,) denote the
cross-correlation between the exact displacement
signal and the reconstructed displacement signal.
We can treat the displacement error signal as sta-
tionary, by averaging over one cycle. The power

spectral density S, . ( fs. f,) of the displacement er-
ror signal is then given by

Se’,,ed(f) = de(f) - 2§dd(f) + §d'd'(f)ﬁ

with f = (f, /)7, (10)
where gddr(f\.,j_;.) denotes the averaged Cross-power
spectral density between the exact displacement
signal and the reconstructed displacement signal.
In (10) it has been considered that the power spec-
tral densities and frequency responses examined in
this work are real.

Using Eqgs. (1)—(8) the averaged power spectral
density of the reconstructed displacement signal
follows:

—- 1
Saeal f)= T 7 Saal SIHA L
dxtdy

1
T ToiTo (Sasa (S + Spn(SNH( )

0

|
l = T Sl VD ()
1
+ ﬁs"a"o(f)lHZ(f)lz

1 2
l +mS"“"ﬁ(f)'Hz(f)l . (11)

The averaged cross-power spectral density
between the exact displacement signal and the re-
constructed displacement signal is given by

-~ 1
Sd’d(f) = Td T,z . de(f)Hl(f)Hz(f)-

(12)

Inserting now Egs. (11) and (12) into Eq. (10)
after some simplifications leads to the desired rela-

-
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tion between the power spectral density of the exact
displacement signal and the power spectral density
of the displacement error signal:

2

1
T Hi(f)Hy(f) - 1

St',,c",(f) = de(f) T T 1
dx fdy

+ (Sn\n\(f) + (Td.x Td.y) Snonq(f))

1
——F H
Tyt W)

2
X

(13)

The performance of the displacement estimation
technique is then assessed by the error variance

0., which can be calculated using Parseval’s

relation

A= | [ St ar. (14

2.6. Estimation and reconstruction Silter
Jfrequency responses

To examine the different 2D transformation
models, the frequency responses of the reconstruc-
tion filter for nearest neighbour interpolation, the
affine, and the bilinear interpolation, have been
calculated (see Appendix A):

HZ.nearest(fxrfy)

=Ty Ty, sinc(nT, . f.) sinc(r Ty, fo) (15)
Hj bitin( for fy)
= TaxTaysinc® (T, fo)sinc*(nT,, /), (16)
H astine(foo /)
=Ty Ty,sinc(nT, . f)sinc(n T,,1)
xsine(m(Ty. fx + Tapf,)), (17)

with sinc() = sin(-)/(+). In quantitative evalu-
ations the performance of these filters will be com-

pared to the ideal low pass and the optimum
Wiener filter:

Hyu5(f) =
1
f 1< A< ——,
Td.x Td.y or 'f\l 2Td_x |f[ szvy (18)
0 else,
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Hl.opl(f) =

de(f)lHl(f)lz(Td\ Td._\')
Sl INVH CAON A ATy uTas) Sup( f) + Sunl fY
(19)

where Eq. (19) is the well-known formula for the
Wiener  filter regarding S, (f) (T Ty, +
S, (f) as the noise term.

The frequency responses of the optimum corres-
ponding estimation filter have been calculated such
that the squared difference between the exact dis-
placement signal and the reconstructed displace-
ment signal is minimized (see Appendix B):

= — > B g s Jv)s 2
Hl,neurest(.f:wf;-) Td"\- Td.,- H-,nearest(f\ fx) ( 0)
9 H yiinl fi )
o ) = = i A 21
HuounJo ) = et + 1) Y
6 HZ.affine(f\'a f;)
Hl.affme(f\ﬁj;) Td,_\- Td.y a+ b + ¢ ’ ( )
with

a=2cos*(nTy fu) b=2cos*(nTy,f,)
¢ =2cos*(M(Tyfs + Tay i)

In the case that H,( f)is the ideal low pass filter,
the estimation filter H, ( f) is also the ideal low pass
filter:

1

2T,

1
1 for |f] <
Hl.ilp(f):{ 2T

0 else

SIARS
X

(23)

3. Extension of the analytical description
by consideration of displacement coding

In the previous section an analytical description
for displacement estimation has been presented.
and this gives an insight into the sources of errors,
namely errors due to a restricted displacement vec-
tor amplitude resolution, errors due to a restricted
spatial resolution of the displacement vector field,
and errors due to non-optimum displacement

Signal Processing: Image Communication 10 (1997) 43- 61

estimation and reconstruction filter. As a quality
measure for the reconstructed displacement vector
field the displacement error variance has been
used.

In this section the analytical description is ex-
tended to allow an objective assessment of the
efficiency of the displacement estimation tech-
niques in a video coding system by their rate-dis-
tortion functions. The rate-distortion function of
a displacement estimation technique describes the
relationship between the encoding bit-rate required
for transmission of an estimated sparse displace-
ment vector field and the corresponding theoretical
lower bound of its displacement error.

The transmission rate needed to code an esti-
mated sparse displacement vector field is affected
by its spatial resolution and by its amplitude res-
olution. Assuming that the signal to be coded con-
sists of real-valued samples (amplitude-continous
source), rate-distortion theory may be used to de-
termine a rate-distortion function, which relates
a predefined transmission rate for this signal (in
bits/sample) to the corresponding minimum vari-
ance of the coding noise. The coding noise shall
include all errors introduced during coding. It is
related to the sampled signal. For an objective
assessment of the spatial resolution of estimated
sparse displacement vector fields, it is thus neces-
sary to combine rate-distortion theory with the
analytical description presented in the previous sec-
tion. The relation between transmission rate and
displacement reconstruction error variance then
serves for an objective comparison of different spa-
tial resolutions.

The coding process can be described by passing
the signal to be transmitted, e.g. the sampled dis-
placement signal, through a filter with the coder
transfer function G( f) and the addition of coding
noise S, ,.( f), assumed to be independent of the
signal.

Similar to Fig. | we now obtain a block diagram
which describes the sampling, coding, and recon-
struction of a space- and amplitude-continuous dis-
placement vector field (Fig. 2). It is straightforward
to determine the power spectral density of the dis-
placement error signal in relation to the exact dis-
placement signal, the frequency responses of the
estimation and reconstruction filter, the coder
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al.

lhav.e to be coded where fax
e:ﬁrgc&x;;l}:;d vert@al sampling frequencies of the
. €ment signal, ie. the reciprocal of the
sempli g ;?erlods T, and T4y It is obvious f
q. (25) that no information nee it
ted when the variance
than the variance of
signal ¢ .
T.he minimum transm
sc.almg the sampled disp
with a transfer function
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O','i\
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of the specific implementation of the eqcoder usrcralci
for the displacement vector ﬁelfi encoding. azstl ©
that the displacement vector field to be code :
passed through the ‘optimum forwar.d channel’.
This channel describes the transformation beltweeri
coder input and decoder output for the 3\)\;2_
transmission rate with respect to a predefine li :
tortion. For the case of a zero-mean Gal:)ssuzl_
source with memory. it consists ofq nonideal ban
limiting filter with a transfer function [91

c) 29)
Gopf) = max [O’ o m] (

followed by an addition of a band-limited, non-
white Gaussian noise with a power spectral density

e
Sopt,n(n(-(f) = @ max [0’ 1 - m]

Now for the assumption that\the two compo-
nents of the displacement V(?C'[Of ﬁelq havengal:;
sian joint probability density functhn .(p. ..)teafor
equal variance, the minimurp trar}sm1551pn Fa ;
the two components with distortion © is given by

191

1 fa.x2 faxi2
RG.opl(@) = 2fd\ fd\J\ s j i

lmax \:0, log, ﬁ‘d‘—gx—f)—):‘ df, dfs
2

(30)

bit per coded vector. (31)

It is obvious now, that only frequency-b;m};is
with power spectral density above @ are coldese.th)é
varying the parameter & we can now angdy - he
rate-distortion functions of thg given i1 .eal N
coders for various sampling ratios and displac

construction filters.
me:;arien, (31) gives an upper bound for non-_Ct}aus-
sian sources with equal power spectral density.

4. Model assumptions and parameters

In the previous sections an analyticgl descnp;lon
of displacement estimation and coding has been

presented.
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For a quantitative evaluation Qf (!4) thg exsz;ct
displacement signal and the quantl.satlon r1101sehi(§1
nal must be described by parametric models w ) qi
in the statistic mean, represent their power spectra
densities In image sequences.

4.1. Model assumptions

Here an isotropic autocorrelation fgnctlon has
been chosen to describe the exact displacement
signal:

—a AP+ Ay? .

R (Ax,Ay)=cdje (32)
This model is characterized by the quel para-)
meter ¢ and x. The power spectral.densny ded(f-
can be calculated from (32) by fqunq transk:)rrtrllif
tion of Ry(Ax, Ay) and band—hmltat}on to the fis
of the horizontal and vertical sampling frequencie

of the image signal f; « and f;

de(fx: f)) =
foo'j

(fz f2 +f2)3/2’ fOf lf\l <fsx/zz lf)‘ Sfs)/z"
2n 0+ x y

0, else, 53
with
(34)
fO = O(/QTE .

The relation f, ./f., between the horizontgl a}nd
vertical sampling frequency results from the ;,m'dii
geometry, ic. the relation H/B between the f?ies
and width of the image and the. number o flth
NLIN and the number of pels/line NPEL of the

sampled image

f.x H/NLIN (35)
fo ~ BINPEL'

The horizontal and vertical sampling frequencies
of the displacement signal then follow:

fd..\' = Gfs..\‘wfd.y = Gfs.y’ (36)

where G determines the spatial resolution of the
displacement field.

For an analytical description of the probability
density function (p.d.f)) of the displacement signal
a generalized Gaussian p.d.f. [12] has been chosen:

pald) = rafy)

_ = @(Midifo” 3
20,01 ¢ ’ (37)
with
r'(3/v
xv) = F:lj\";’ I' Gamma function.

\
. . The p.d.f. py(d) is characterised by the standard
deviation g, and the so called shape parameter v.
For the special cases v =1 and v = 2 the general-
ized Gaussian becomes a Laplacian or a Gaussian
p.d.f, respectively.

4.2. Model parameters

For a quantitative evaluation the test sequences
‘Claire’, ‘Miss America’, ‘Alexis’ and ‘Trevor White’
in CIF resolution with a frame rate of 10 Hz for
“Claire’, ‘Miss America’ and ‘Alexis’ and 7.5 Hz for
“Trevor White' have been chosen. Pelwise displace-
ment vector fields have been measured from these
sequences using a hierarchical block matching
technique [1] with 1/8 pel displacement amplitude
resolution. The x-components of the resulting dis-
placement vector fields served for the determina-
tion of the power spectral density of the exact
displacement signal and the probability density

function of the displacment vectors.
§ The power spectral density S4.{f) has been
measured using the Welsh’s method [17] for all
images of the four test sequences. Furthermore the
variance ¢ and the correlation coefficient o, of
horizontally neighboured displacement vectors of

the pelwise displacement vector fields have been
measured. With

@

On = Rdd(fstxl’ 0)/0-5 = e‘l/fu’ (38)
Jo has been calculated by
x Jox
=_— = 13 ) 3
Jo o o n Q9 (39)

Based on these measurements f, has been chosen
to fit the model power spectral density to the meas-

-
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Table 1
Displacement quantisation error variance for various displace-
ment amplitude resolutions for v = 0.3 (see Eq. (37))
Displacement amplitude

resolution 1 1:2 14 18
Displacement quantisation

error variance 0.041 0013 0004 00011

ured power spectral density for all frequencies in

the base-band on one side and to fit the measured

and model correlation coefficients on the other side.
In (40) the chosen model parameters are given:

H/B = 3/4, ol = 0.94,
NLIN/NPEL = 288/352, f, = 0.018 MHz, (40)
Jsx = 6.75 MHz, on = 0.983.

Using again the x-component of estimated dis-
placement vector fields the probability density
function of the displacement signal has been meas-
ured. Using the displacement variance o7 as given
in (40) the shape parameter v of the model p.d.f. (37)
has been determined by graphical comparison to be
v =0.3. Then the quantisation error variances for
various quantiser step sizes 4 (amplitude resolution
of displacement vector field) have been calculated.
They are given in Table 1 for v = 0.3,

5. Quantitative evaluations

The analytical description is now used for an
examination of displacement estimation and dis-
placement vector field coding.

3.1. Examination of displacement estimation

The first two simulations address the perfor-
mance of the different reconstruction filters. For
this, the frequency response of the implicit estima-
tion filter is set to one: H,(f)=1. No amplitude
quantisation was performed: Srang(f)=0. In the
first simulation the different reconstruction filters
are examined for various spatial resolutions. As
can be seen in Fig. 3, the displacement error
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Fig. 3. Calculated displacement error variance for differen
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variance o, increases almost linearly with the spz}-.
tial distance of samples. The lowest error 1s
achieved with the Wiener filter. The affine gnd
bilinear interpolation achieve a performance sim-
ilar to the Wiener filter. The c.hsplacems:nt error
variance for nearest neighbour interpolation is al-
most 2 times the error variance of the affine and
ili interpolation.
bll’?lf: rsel(:ondpsimulation addresses the influence of
the amplitude resolution of the espma}gd ve{ctor
field. The frequency response of the implicit estima-
tion filter is still set to one: H;( f) = 1. A compari-
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son between different amplitgde resolutipns c?f
the displacement vectors for different spa.ual res-
olutions and for bilinear and nearest neighbour
interpolation is given in Fig. 4. 'It can be seen
that the displacement error variance dec.reases
with the increase of the amplitude .resplutlon odf
the displacement vectors. A ]ar.ge gain 1s realche:l
by using half pel resolution mslez}d of ful peif
resolution, whereas higher resolution than ha
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Table 2

Measured and calculated displacement error variances. Averaged v

America’, and CIF, 7.5 Hz: *Trevor White'. Spatial dist
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alues for the image sequences CIF, 10 Hz: *Alexis’. ‘Claire’, *Miss

ance of displacement vectors: 16 x 16 pel

Nearest neighour interpolation

Bilinear interpolation

Displacement error variance

Measured Calculated Measured Calculated
Full pel amplitude resolution 0.184 0.190 0.111 0.119
Half pel amplitude resolution 0.172 0.174 0.107 0.108
Quarter pel amplitude resolution 0.169 0.168 0.105 0.104

neighbour interpolation than in the case of bilinear
interpolation.

To confirm these theoretical results, for the third
simulation the pelwise given displacement vector
fields used for the definition of the model power
spectral density were sampled and reconstructed
using nearest neighbour and bilinear interpolation.
The resulting displacement error variances o for
these cases were measured. Exemplary results are
given in Table 2 for nearest neighbour interpola-
tion and bilinear interpolation with various ampli-
tude resolutions of the displacement vectors and
a spatial distance of 16 x 16 pel.

As can be seen the calculated figures coincide
well with the measured figures for fine displacement
amplitude resolutions. The small differences which
can be noticed for full pel amplitude resolution are
due to the description of the quantisation. Al-
though the coarse step size has been considered in

the quantiser model for the calculation of the quan-
tisation error variance, its influence on the autocor-
relation of the displacement error signal and on the
cross-correlation between the displacement signal
and the displacement error signal has been neglected.
The displacement error signal has been assumed to
have a white power spectral density (no autocorre-
lation) and to be additive to the displacement signal
(no cross-correlation). This explains the small
errors for coarser displacement amplitude resolu-
tions.

The fourth simulation addresses the influence of
the implicit estimation filter. A comparison be-
tween different amplitude resolutions of the dis-
placement vectors for different spatial resolutions
and for bilinear and nearest neighbour interpola-
tion is given in Fig. 5.

A comparison of Fig. 4 with Fig. 5 shows a signi-
ficant reduction of the displacement error variance
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0.270 If pel resolution e
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0.090 j o
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Fig. 5. Calculated displacement error variance for nearest neighbour
spatial resolution (spatial dist

ﬁel resolution i 155 ‘
a

ance) of the displacement vector field. Various displacement amplitude resolutions.
displacement amplitude resolution. The estimation filter were chosen corresponding to the i

nearest neighbour

interpolation ﬁlte;

bilinear
interpolation filter

e

14 16 18 20 22 24 26 28 30 32
—

and bilinear displacement interpolation filters as a function of the
Parameter is the
nterpolation filter.




H, piuin( f) and Hy(f) = Ha piin( f)). A comparl-
son between Figs. 6(b) and (c) shows.how‘ the sam-
pled signals differ when different estimation filters
are used. This strengthens the fact that the same
motion compensation method as has been used for
the displacement estimation should be used fpr the
motion compensated prediction of the image
signal.

51g/r\l‘s1 one final result we can see from Fig. S that
when the estimation filter is considered in the.ana-
lytical description, the displacement error variance
for a spatial distance of 16 pel and full pelh ampli-
tude resolutions in case of nearest ne.lghbour
interpolation is 1.56 times the error variance of

] jcati 3-61
54 R. Buschmann | Signal Processing: Image Communication 10 (1997) 4
a) d(x),d"(x) & 4 recopstruction crrc;r
e S
> X
dx),d'x) da0) recopstruction error
b) d'(x) )
e l ¥
—
d(x), d'(x) da®)  recopstruction error
X)s
¥ 00—

dpa(x)

Fig. 6. Illustration of the displacement reconstruction CHiAR for:
(@ Hi(f)=1 and  Hy(f) = Haneareslf) (D) ;h(f)(;)
Hl.nearesl(.f) and Hl(f) = HZ,neanm(f-)a (C) Hl(f) = I11 bilin
and Hy(f) = Hapitin(f)- One-dimensional mggals of the con-
tinuous displacement signal d(x), the sampled dlsplacemem sig-
nal da(x), and the reconstructed displacemem s1gnal d(x)dare
showh. No displacement amplitude quantisation 1s assumed.

due to the estimation filter. This fact can be ex-
plained by Fig. 6. It shows how the re.const.ructlon
error is formed by using different estimation aqd
reconstruction filter. When no estimation ﬁlter'ls
used (H,(f) =1, Fig. 6(a)) the recor.lstruct‘ed dis-
placement signal is exact at the sampling pomts. At
all other points a significant reconstruction error
might occur and the displacement error varlancef
might be large (see Fig. 6(a) fot the case cl>
H,(f) = Hjpeares( f)) The estlrpatlon filter is cal-
culated in that way that the dlsplacemenF error
variance of the reconstructed displacement mgngl is
minimized. However, as a result of the minimi-
zation the reconstructed displacement 51gnal at the
sampling points is no longer exact (see Fig. 6(b) for
the case of Hy(f)=Hinearea( f) and Hy(f) =
H; pearest( f)). It is now an averaged_ value of the
true displacements in the local ne.lghbourhood.
Fig. 6(c) shows that the reconstruction error can
be significantly reduced by applying the bilinear
estimation and reconstruction filter (H(f)=

bilinear interpolation. .

The results given have been obtained as an aver-
age for the four test sequences. Of course the abso-
lute figures given depend on the test sequence
under consideration, to be more precise, on the
kind and the amount of 2D motion w1thlq the
scene. If the scene contains mainly 2D t.ranslatlongl
motion and thus the correlation coefficient pf hori-
zontally neighboured samples of the exact displace-
ment field are higher than assumed here, the slope
of the curves given in Figs. 3-5 will be srpaller.
However, the relation between the curves will stay
the same. If the scene contains a large ampunt Qf
2D motion and thus the displacement variance 1s
higher than assumed here, the dlsplacgmenF error
variance will also be higher than that given in .F ig.
5 for coarse displacement amplitude resol.utlons
(e.g. full pel displacement amplitude resolutions).

5.2. Examination of displacement vector field
coding

The next simulations address the influence of the
sampling ratio on the transmission rate needpd to
achieve a predefined displacement error variance.
For these simulations the frequency response of the
implicit estimation filter is set ‘Fo one: Hl(f) = 1.
For the case of the reconstruction filter being th.e
nearest neighbour interpolation ﬁ!ter or th@ bi-
linear interpolation filter, the resulting rate-distor-
tion functions for encoding the displacement vector
with the assumption of a Gaussian source Wlth
memory according to Eq. (31) are depicted in Fig. 7.

0!,0
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Fig. 7. Rate-distortion functions for ne
resolution (

source with memory (Eq. (31))

As can be seen the spatial resolution of displace-
ment vectors is a limiting factor for the achievable
displacement error variance. Thus, if a low dis-
placement error variance is desired a low spatial
distance of displacement vectors has to be chosen.
For high displacement error variances the different
distortion functions merge. For the quality cri-
terion of displacement error variance it is unimpor-
tant whether errors are included due to displace-
ment vector field sampling or due to displacement
vector amplitude quantisation. It can be seen fur-
ther that for each spatial resolution of the displace-
ment vector field, the rate-distortion function for
the bilinear interpolation filter is below the corres-
ponding rate-distortion function for the nearest
neighbour interpolation filter.

For an optimum coding the spatial resolution of
the vector fields must be chosen in such a way that
the working point of the encoder lies on the lower
bounding curve. This lower bounding curve is the
same as the given rate-distortion curve for spatial
distance of displacement vectors of one. However,
as can be seen in Fig. 7 for a distortion of¢? >0.19
in the case of nearest neighbour interpolation and
gz, 2012 in the case of bilinear interpolation,
a spatial distance of displacement vectors of 16 is
sufficient. Regarding again Table 2 we see that
these limits are given by 1 pel displacement vector
amplitude resolution. For coding displacement vec-

_a

arest neighbour and bilinear displacement interpolation filters.
spatial distance) of the displacement vector field. Displacement vector fields are encoded with the

Parameter is the spatial
assumption of a Gaussian

tor fields with less distortion, it seems to be advan-
tageous to increase the spatial resolution instead of
the amplitude resolution of the displacement vec-
tors in order to code a displacement vector field at
a minimum transmission rate. Of course in a real
codec the influence of the displacement error onto
the prediction error image has to be taken into
account too. One way to find a theoretically opti-
mum bit allocation for the displacement informa-
tion and the prediction error might be to combine
the analytical description presented here with the
analytical description of motion compensating pre-
diction presented in [4].

To compare these theoretical results with the
transmission rates for displacement vector fields in
todays video coding standards, rate-distortion
values have been measured. For this purpose again
the pelwise given displacement vector fields used
for the definition of the model power spectral den-
sity were sampled with a spatial distance of 16 and
8 pel and the amplitude has been quantised with
amplitude resolutions of 1, 1/2 and 1/4 pel. Distor-
tion values for a spatial distance of 16 pel have
already been given in Table 2. To measure the
transmission rate, in one simulation the sampled
and quantised displacement vector fields have been
coded without spatial prediction, whereas in an-
other simulation the spatial displacement vector
prediction method of the H.263 [8] video coding
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Fig. 8. Measured and calculated rate-dist

resolutions of 1, 1/2 and 1/4 pel. H.263-like spatial prediction is compared to no spatial prediction
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ortion functions. The measured rate-distortion values are for displacement amplitude

(NoPred). The calculated

i r 2 : tion of
rate-distortion functions are for the assumption of a memoryless Gaussian source (R_G.mle((;dU)s Eq. (25)), and the assump
a Gau;siun source with memory (R op(0d,), Eq. (31)). The nearest neighbour interpolation filter was used.

standard has been applied. According to the H.263
video coding standard a displacement vector pre-
diction is obtained by first quantising the displace-
ment vectors to full pel, half pel or quarter pel
amplitude resolution and then calculating a median
displacement vector of the left, upper and upper
left neighbour. To be independent of the imple-
mented Huffman coding tables, which cannot be
optimum, the entropy of the error between .the
displacement vector prediction and the quantised
original displacement vectors has been measured.
This entropy gives the lower bound for th§ trans-
mission rate achievable by entropy encoding, €.g.
Huffman coding.

For a qualitative assessment of the n.]easu.red
entropy values and corresponding distortion
values, the rate-distortion curves for the assump-
tion of a memoryless Gaussian source (Eq. (25)),
and a Gaussian source with memory (Eq. (31)) have
been calculated. To be conform with the manner
how the measured rate-distortion values have been
obtained, for these simulations the nearest neigh-
bour interpolation filter, but no implicit estimation
filter, was used (H,( f)=1). A comparison of the
rate-distortion curves is given in Fig. 8.

As can be seen in Fig. 8 the measured rate-distor-
tion points given by coding the displacement vector

field without spatial prediction are below the rate-
distortion curve for the assumption of a mem-
oryless Gaussian source RG.mie(07). Reme_mber
that RG.mle(af‘_) gives an upper bound for signals
with the same power spectral density but non-
Gaussian p.d.f, when still a Gaussian p.d.f. of the
quantisation error signal is assumed. .As we know
the p.d.f. of displacement vector fields is non-Gaus-
sian. .

By exploiting the spatial correlation qf d}splace-
ment vector fields a reduction of transmission rate
is achieved. Again, R op(07) gives an upper boun'd
for signals with non-Gaussian p.d.f, When st1.ll
Gaussian p.d.f. of the quantisation error signals is
assumed. Consequently, if Gaussian p.d.f. of the
quantisation error signals can further be assurped,
an optimum exploitation of the spatial correlgthns
of displacement vector fields drops transmission
rates to Rg op(07) or even below.

6. Conclusions

An analytical description of displacemept es-
timation is presented which allows an objective
evaluation and comparison of various displace-
ment estimation techniques. An additional value of

‘
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the analytical description of displacement esti-
mation is seen in its potential for an in-depth
understanding of the different error sources of dis-
placement estimation. Displacement estimation is
described analytically by low pass filtering, spatial
sampling, quantisation and reconstruction of an
exact displacement vector field.

For the purpose of analysis the rate-distortion
theory is applied. Distortion is introduced by a lim-
ited displacement vector amplitude resolution
(quantisation) and a limited spatial resolution of
displacement vector fields (sampling). From the
view of this general description of displacement
vector field coding, the term ‘lossless encoding of
displacement vector fields’ as used frequently
in the literature describes the encoding of
displacement information which is already dis-
torted. The displacement reconstruction filter ap-
plied to transmitted displacement vector fields re-
duces the distortion, ie. the displacement error
variance.

Comparisons of various displacement recon-
struction techniques applied to displacement vector
fields with various amplitude and spatial resolu-
tions show that the bilinear interpolation filter per-
forms always better than the nearest neighbour
interpolation filter and very close to optimum
Wiener filter. The affine interpolation filter per-
forms slightly worse than the bilinear interpolation
filter. The theoretical results obtained for various
displacement vector amplitude resolutions, various
spatial resolutions, and various displacement
reconstruction techniques confirm the results
achieved by heuristics.

During displacement estimation a local neigh-
bourhood in the image signal is used to determine
one displacement vector. Thus, if the picture ele-
ments in the local neighbourhood have been
displaced differently the estimated displacement
vector is not a sample of the displacement signal,
but is an averaged value of the displacements in the
local neighbourhood. This effect is described by
passing the displacement signal through an estima-
tion filter before sampling. For each reconstruction
filter there exists a corresponding optimal estima-
tion filter, the transfer function of which is present-
ed. Simulations show that a corresponding pair of
estimation and reconstruction filter leads to a sig-

o

nificant decrease of the displacement error vari-
ance. This means for practical implementations
that the same reconstruction filter as has been used
for the displacement estimation must be used for
the motion compensated prediction of the image
signal.

The rate-distortion analysis shows that allowing
an infinite displacement vector amplitude resolu-
tion, the spatial resolution of the displacement
vector field is a limiting factor for the achievable
distortion, ie. the displacement error variance.
Thus, if a low displacement error variance is
desired a high spatial resolution of displacement
vector fields has to be chosen. The rate-distortion
analysis confirms that for a full pel displacement
vector amplitude resolution a spatial distance of
displacement vectors of 16x 16 pel is a good
choice. For coding displacement vector fields with
a lower distortion, the results propose to increase
the spatial resolution instead of the amplitude res-
olution of the displacement vectors in order to code
a displacement vector field at a lower transmission
rate.

In a video coding system the influence of the
displacement error onto the motion compensated
prediction error of the luminance and chrominance
samples has to be taken into account additionally.
In order to find the theoretically optimum bit allo-
cation for the displacement information and the
prediction error image the analytical description
presented here can be combined with the analytical
description of motion compensating prediction
presented in [4].
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Appendix A. Calculation of reconstruction filter frequency responses

The reconstruction filter serves for the spatial interpolation of a sparse displacement vector field. The
interpolation techniques under consideration here, are the affine and bilinear interpolation of estimated
displacement vectors at node locations of a regular triangular or quadrilateral mesh. The attachment of
a single estimated displacement vector to a whole block in traditional block matching is viewed as nearest
neighbour interpolation of displacement vectors at node locations of a regular quadrilateral mesh.

To describe the reconstruction of the displacement signal within one mesh element (patch) of a regular
quadrilateral mesh a local coordinate system with coordinates X and Y is introduced here. As origin of the
local coordinate system, the coordinate of the upper left node of the patch has been chosen. Its coordinates
(x = X0, vy = Y) are then given by the coordinates (x = x, y = y,), of a point for which a displacement
vector shall be calculated:

Xo = INT(xo/M)M, Yo =INT(yo/N)N, (A1)

where INT() denotes the integer operation and M, N the horizontal and vertical distance of nodes of the
mesh. The distance of nodes of the mesh corresponds to the horizontal and vertical sampling period of the
displacement signal

1M = Td,.\'~ N = T(l.)" (A2)
The local coordinates of the point under consideration are then given by
X = Xo — Xo, Y = (\'0 - Yo. (A3)

For reconstruction of d'(X, Y) from the quantised four nearest samples dy o = dg(0, 0), dpr.0 = do(M, 0),
dox =do(0, N)and dy y = do(M, N) of the filtered displacement signal (Fig. 9), by use of nearest neighbour
interpolation, bilinear interpolation, or affine interploation, we get

d0,0 for 0 = X< M/Z, 0 < Y < N,,/2.,
; dM.O for M’Z < X =< AM, 0 < Y < N/2,
dneares((Xﬂ Y) = P (A4)
doy for 0<X <M/2, N/2<Y <N,
dM.N fOI‘ M/2<X<M, N/2<Y<N.
) X Y X Y
dbiin(X, Y ) = <1 = M) <1 = N)‘lo.o =+ M <1 — *A‘[>du.o
X\Y XY
+<1 _M>N(ZO'N+M—NCIM'N for0<KX <M, 0<Y <N, (A.5)
X X Y ¥ N
<1_—M~>d0‘0+<M_N>(IM'O+NCIM'N for 0<X<M, O<Y<X‘M~
d/affinc(X» Y) = Y Y X X N (A6)
<1—N doo“*‘(ﬁ—'M)do\‘f‘Mdu\ for 0 <X <M, XM<Y<N
Regarding the general description for two dimensional filtering,
d'(X,Y)=do(X,Y)*hy(X,Y) = deQ(X’, Y)h,(X — XY —Y')dX'dY’, (A.7)
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Fig. 9. Local neighbourhood for the reconstruction of a dis
interpolation and (c) affine interpolation.

placement vector using (a) nearest neighbour interpolation, (b) bilinar
the filter impulse responses are obtained by comparing the coefficients

Bymeren(X, ¥) = L T OSIXI<MP2 0<|¥]<Np2,

IO else, (A.8)
(I — X/M)(1 —Y/N) for 0<X <M, 0<Y<N,
(1+X/M)1—-Y/N) for —M<X <0, 0<Y <N,
haypitin(X, Y) = ¢ (1 — X/M)(1 + Y/N) for 0<KX<M, —N<Y<0, (A.9)
(1+X/M)(1+Y/N) for —M<X<0. —-N<Y<O0
0 else,
1 - X/M f il
y or 0<X <M, 0<Y<XM,
1+ X/M—Y/N for —-M<X <0, 0<Y<XE+N
M '
1+ Y/N for -M<X <0, —N<Y<Xﬁ
i
h; attine(X, Y) =11 —Y/N for 0<X <M, X% <Y <N, (A.10)
1+ Y/N—-X/M for 0<X <M, X%—N<Y<0,
1+ X/M for -M<X<0, X%<Y<O,
0 else.

Noyv the frequency responses H,( f) can be calculated by Fourier Transformation of the reconstruction
filter impulse responses:

Hl‘nc:lrcsi(.f.‘\'a_f_\') = MN SinC(ﬁx‘Wf_\,)SinC(an.‘.), (Al 1)
Hl.hilin(fj\‘-]()') - M]V Sincz(nl‘/!f:\‘) SinCZ( T[Nf‘). (A 12)
H astine( f. fy) = MN sinc(n M f;) sinc(nN f,) sinc(n(M f, + Nf)). (A.13)

Egs. (15)17) then follow with (A.2).

-~
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Appendix B. Calculation of estimation filter frequency responses

The estimated displacement vector in general is not a sample of the true displacement signal, but is an
averaged value of the displacements in the local neighbourhood. This effect has been modelled by low pass
filtering the true displacement signal before sampling. . o o

To simplify the calculations it is assumed in the following that dlsplacemcpt estimation can be expncss@d as
a minimisation of the squared difference between the exact displaccmeqt signal and a dlsplacemént. mgqa-l.
which is implicitly interpolated from the sparse displacement vector field to be gstmmted. This 1mpl.1cn
displacement signal depends on the 2D transformation model of the dls'placen‘lem estimator. Th; assumption
of minimizing the squared difference between the two displacement signals 1s v.ahd. when during dlsplz.ice-
ment estimation the squared difference between the motion compensated previous frame and the original
current frame is evaluated in large measurement windows. .

Now we have to determine the frequency response H; (f,.f,) for each frequency f, = (fo_v\.,jo._.\,.) in such
a way, that the displacement error variance according to Eq. (14) with (13) and (4) becomes minimum:

x v ) 1 3
oo, = J , J ) [Szld(f:\‘~f}‘)<m Hy(fo. /y) Ha(feo fy) — 1>

2

60 o0 m n 1 m n -
+ Z Z de <f\ =+ Tdh\. w./y + Td.).> < lex Tdt‘. 1 <f Td__\- J) Td__‘. 2

n=-—-owom=—wx

(m.n) # (0,0)

1

o (B.1)
Td..x‘ Td..V

—  MIN.

Hy(fe. fy)

2
AL ( Td.x Td.y) Snwu,(flwfy)( HZ( fxaf\)> :|dfx df»

Please remember, that all considered frequency responses are real. By pqrtial derivation of ¢;, with respect
to H,(f,) we get, as long as H,(f) does not depend on H,(f), a condition for H{(f):

I Qo] 1 L
e, _ de(fO)<Td.x Td__‘.Hl(fO)Hl(fO) = 1) ToxTay H(fo)

20H(fo)
o o 1 m n :
+ de(fo)Hl(fo) _Z ; ———Td T, sz fO..\‘ - ﬁs.fo.y - ﬁ:

(m,n) #(0,0)

L0 for each fy = (fofo)
which we can solve for H,(f):

Hs(f) .
1 o g . m n >
e Ha\ fo—s=s)3=
(Td.x Td.)‘)nzzr m;t < _</ Td"\' f Td‘>>

For an evaluation of Eq. (B.3) it is useful to simplify the denominator, b§cause of the inﬁpite summation.
The denominator describes normalised shifted copies of (H( fs. f,))%. Tt is thus the Fourier transform of

(B.3)

Hilf) =

o0
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a sampled ‘signal’ given by h,(x, y)** hy( — x, — y), where the operator (**) denotes two-dimensional
convolution. We can thus write for H,( f):

Hy(f)
Hy(f) = £
Y Y (ha(x, ) **hy(—x, — )X + mTy,, y +n Ty,,) e~ 2 Taslsg = 2Tk,

(B.4)

The reconstruction filter under consideration here have short impulse responses and (B.4) can be evaluated
easily. The desired estimation filter frequency responses are given in Egs. (20)—(22).
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